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Answer Question no. 1 and any 5 from the rest.

1.(a) Let (X, d) be a metric space. For any A, B C X, define d,(4, B) = inf{d(a,b) : a € A,b €
B}. Does d, define a metric on the power set P(X)? Justify your answer.

(b) Give an example (giving justifications) of a set in R? which is neither open nor closed.

(c) Does there exist a function f : R — R which is continuous at ¢ € R but not continuous
on any open interval containing ¢? Justify your answer.

(d) Let f be a bijective, continuous function defined on a compact subset of R. Must f~! be
continuous on its domain of definition? Justify your answer.

(e) Let A= {(z,y,2z) € R®:z =y = 2}. Is A open in R3? Justify your answer.
dx3=15

2.(a) Determine all the points z in R for which the limit, lim z"/(1 + z*") exists.
T—00

(b) Does i(l/n)sin(éin) converge? Justify your answer.

n=1
(c) Find a point of local extremum (in case it exists) for the function f : R?* — R, defined by
flz,y) = 32° — Txy*. 64+6+5=17

3.(a) Every open subset of R is the union of a countable collection of closed sets: Prove or
disprove.

(b) Suppose that f : R — R be a differentiable function such that f(z +y) = f(z) + f(y) for
all z,y € R. Show that f(z) = z.f(1) and f(z) = z.f'(0) for all z € R.

94+8=1T7

4.(a) Let X be a metric space and {z,}nen be a convergent sequence in X with limit zp. Show
that the set {zo,z1,%2,...} is compact.

(b) Let {f} be a sequence of non-decreasing functions defined from [0, 1] to [0, 1]. Suppose
that f,(z) converges to f(z) pointwise on [0, 1], where f is a continuous function. Does
fn converge uniformly to f on [0,1]? Justify your answer.



(c) Evaluate the double integral

- [t \/-— SE S,

where R is the region in the first quadrant bounded by the ellipse ﬁ; - ‘fﬁ =1,
44+8+5=17
5.(a) Prove that the intersection of two open sets in R is compact iff they are disjoint.

(b) Let f: R x R — R be defined as follows:

2V it (2,y) # (0,0);
f(:t?,y)= =Y

0 if (z,y) = (0,0).

Do the partial derivatives and directional derivatives exist at (0,0)? Is f differentiable at
(0,0)? Justify your answer in each case.

(c) Let f:[0,1] — R defined by,

z.cos(m/2z) fO0<z<;

f(z) =
0 =),

Is f rectifiable? Justify your answer. 6+5+6=17

6.(a) Let X be a set, (Y,d) be a metric space, and f : X = Y. Definedy : X x X - R
by dx(z,y) = d(f(z), f(y)). Verify whether dx defines a metric on X. If not, can you
impose some restrictions on f to make it a metric? Give reasons for your answers.

(b) Evaluate the triple integral

2
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D

where D = {(z,9,2) € R®: 22 + y? + 2% < 16,z > 0}.

(c) Let (X,d) be a metric space, and @ € X. Define a map f : X = R by, f(z) = d(z,a). Is
f continuous on X7 Justify your answer. T+64+4=17

7.(a) Let X be the set of all sequences over {0, 1}, with finitely many 1’s. Is X countable?
Justify your answer.

(b) Let g : R — R be a continuous function and f : R — R be defined by,

ﬂ@:fw—mmﬁ

Show that f” exists on R and f"(z) = g(z) for all z € R.
(¢) Maximize the function f(z,y,2) = x — 3y + 2z subject to the constraint 22 +y?+22 = 7.
T+8+86=17



