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1. Let A, B and C be matrices of order nxn, nxk and k x n respectively. Show that |A+BC| =

|A| - I + CA~'B| if A is non-singular. 5]
2. (a) Show that (A, B) = trace(B*A) is an inner product on C™*", [4]
(b) When is ||x|| = >°7" ; a;|z;| a norm on R™, where x = (z1,...,z,)T. (3]

(¢) Let f be any map from R" to itself such that

I£(x) = F(X)l = llx—yll forall x,y € R",

where ||-|| is the norm induced by the canonical inner product on R™. Show that there
exists an orthogonal matrix A of order n and a vector ¢ € R™ such that f(x) = Ax+c
for all x € R™. [6]

3. (a) Let A and B be matrices of order m x n and n x m respectively. Then show that
every non-zero eigenvalue a of AB is also an eigenvalue of BA with the same algebraic
multiplicity. Also show that the geometric multiplicity of o with respect to AB and

BA are equal. [4+3]
(b) Prove that the minimal polynomial of diag(A, B) is the L.C.M. of the minimal polyno-
mials of A and B. 3]
(c) State and prove the spectral theorem for real symmetric matrices. [1+44]

(d) Let A be a square matrix over C. Prove or disprove the following. (i) The number of
singular values of A is equal to the rank of A. (¢7) The number of non-zero characteristic
roots of A is equal to the rank of A. [2+2]

4. (a) Let A be a symmetric matrix and P be a matrix with full column rank over R. Show
that A and PAPT have the same rank and the same signature. [3]

(b) Let A be areal symmetric matrix of order nxn. Show that the set {x € R® : xT Ax < 1}
is bounded iff A is positive definite. [5]

(c) Show that a matrix A is positive definite iff A = BT B for some real non-singular matrix
B, [5]



