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10.

Answer any 10 questions.. All questions carry equal marks.

. Let {f.} be a sequence of non-decreasing functions defined from [0, 1] to [0, 1]. Suppose

that f,(z) converges to f(z) pointwise on [0, 1], where f is a continuous function. Does
fr converge uniformly to f on [0, 1]7 Justify your answer.

. Let f and g be increasing real valued functions defined over [a,b] C R, and g be continuous

on [a,b]. Show that there exists ¢ € [a, b] such that

/:fdg:f(a)/:dﬁf(b)[dg-

. Let f be a continuous non-negative function defined over [a, b], and

b
f flz)dz =0.
Prove that f(z) =0 for all z € [a, b].

. Sketch the curve of the function f : R — R defined by f(z) = 223 + 322 + 1.
. Let f:]0,1] — R be a continuous function, with f(0) = f(1) = 0. Suppose that f” exists

on (0,1), with f”+2f"+ f > 0. Show that f(z) <0, for all z € [0,1].

Let X be a metric space and f : X — R be a continuous function. Let A = {z € X :
f(z) = 4}. Is A closed / open / both / neither? Justify your answers.

Let f : R — R such that |f(z) — f(y)| < Alz — y| for all z,y, and for some real A < 1.
Let {a,} be a sequence of real numbers as follows: a; € R, and an41 = f(a,). Show that
this is a convergent sequence and its limit is a fixed point of f.

Let X be a countable set. For each n > 1, let A, be the set of all functions from X to
{1,2,...,n}. Is |,5; An countable? Justify your answer.

(=]
Does ) (1/n)cos(4n) converge? Justify your answer.
n=1

Let A,, Ay, As, ... be subsets of a metric space.
(a) If B, = U™, A;, then show that B, = U A;, n=1,2,3,....

(b) If B = UR, A;, then show that B D U, A;. Can this inclusion be proper? Justify
your answer.



11.

12,

Prove or disprove the following statement: Every closed subset of R is the intersection of
a countable collection of open sets. .

Let (X,d) be a metric space. If A is a connected subset of X and A C B C A, then show
that B is also connected.



