


Algorithmic Problems-in Fro Groups

April 5, 2024

Pascal weil
, CNRS

Freelyreduced words

A a frite ,alphabet-e

A = ( (a =AY
Ana =0

# = AUA

** - all words on alph A

I is the empty word



Notation = c for each a A

Ar bij

Wat to see a as an

inverse of D(grap-

Let o be the conference on
*

generated by a no~
for every a

u
,

E
*

now iff Fus =4 , u,
..., kn

,
en =v

st : = pag and win-py
or 49 Kin =pag



Exple abab aD
~ abbba
-

~L reduced

~ aaba
-

L

A word

isreduced if
it contina

no a ora

(a+A)

Prop Every word ut ** is

n-equivalent to ca↳curique reduced wordI

- written

U = pag red(u)

d
pag



Ban alphabet , elets are
called letters

words are sequences of letters-finite
sequence of length

1 = B

sequence of Length 0 = He

empty
ward

B
*

= all words

I E B
* & B



-Freegroup
F(A) = te set of all reduced

words in **

u
,

v = F(A)

u . v = rd(n
This operation is associative
-
-

O

No is a cangmence
that is : ifauc,

unc
then~

nice!
·

red(u) is unique
I is an identity element

(1
. u =u . ) = u)

~

a. c = = . a = 1 for a A

a = a
+

u = Cy ... Gr ! aa ... a
:E = In en,.



F(A) is a group
called the free group on A
-

F(A) =# quotient
morad which

turns and to be a
go

·

letG be
any group and Q :A-⑳

ba
map↳Then asextends uniquely to a
↳gapanaplasm a
" a n ((9)(()Mal that (2) =
a
.
I in F(AI

is 1 so ((a- ) = <(a) (()=* Play
-

L

KCC1



What it I change alphabet
F(A) isamarphic F(B)

?
Theorem F(A)EF(B) If Int = (B)

card(A) =

Schetch of proof1
card (B)

F(A)= 2)* = /27
a - A

-

a-- 1 .G rector space

aEA
over te field L
with basis A

IA) : rank A
is a surjective

o F(A) group hommaphism
Iit

Fal-FiBI
is an isamphilm

FCA) F(B2 Y
,
isan

↑Ad LTB
B IA) = dim ~

Av Vo 1B1 :amA



FA) has rank IAI

A is a basis of FAI
by def" : every

el of FAI

can be written in a mige

way as a
reduced word

an A (in *8)
A = (b)

(b) is also a basis

(ab
,
b) -

bab ,
b)-

(b62,bab)

if 14,23 is a basis
,
1

su,v is a basis

sur,rl is a basis

All basis have cordinality ranb(FA)
if u, >cn is a basi of = A)



If(m, - >
2) is a

basis of FAI

an B = b., ->b) is a set
with

nelt

The F(B) -o FAI
is on

bi u isomorphism

Problem
given z , .., u

in FA)
-

(where (A)=r)
decide whether Eu, ...,urd is a basic

of FIA)-

A =39b)

gaba ,
babl bass ?



-Subgroups of fre group
Theorem Every (finitely
--

(Nielsen generated) subgroup of FAI
early 201Jantry) is free

Contrary to rector spaces
ifth is a cubgroup of FAI

rank (t) many
be greater than AI

may
even be s

Example in F (a
,
b)

-

any subset(bab/ie) is a basis

I of the subgroupif generates
Problems

given 9.%, /In in F(A)
ETet k = (gu - ,qu)

1) is Eqis > Go B a basis of H ?

2) rk(4) ? 3) is gEU ?



Stallingsgraph of a bo
T a finate connected

subgp graph

-

P1) = a ba, baba baba, c be)

A determinism

&↳ codeterminis
⑧

O&
- ↳·-"LaO
- &

↓ bJa
b

③ 7 ↳ I/&
-

/
- & O
N b↑ Y 0/· -db I/o < -I- ↑ 80Ta O b
a

VI/ , / is
b

↑ TCH) does not depend-La① ①b on the set of generatorJ↳ I I se-
b

.

-A It depends on t
a be/4 only

bababaE H .

F



To = banquet of circles
↓ folding L(T) -language

in A

* folding FuEH F rELEd
such Hat u=red(v)

L ↳e Got Sa -
① ①

↑
P

a↳
P

9 EO↳ ~&
Pla 9

Tm A reduced word is in 4

Ifit isepte eantemste



You start with generators of 4
Ch
,
- >
h

construct TCH)

given 9, h , .., f , H
= < hu
,
--- 2n>

is g in
te ?

Prop

kigander one
ene

as

-

x

Is gu , 92- gr
a
basis of FI

Cohere (Al = r)

Let H = <g
, ..,Gr

>

T(r) His F(ALE)

T(M) = T (F(A)

591 -grb is a La&
basis of FAI Var
A =
-



Computation of 1-section

H
,

K & subgs of FCA)

Compute HrK
--

The St
. graph for Hnk

is obtained from T(r)
adT(K) by the same

product construction
used

to recognize 4,12Lwhen ↳, se regular

language
I

Stallist Carolay : if rk (H)
,

whe() <x

1983 the ot Henk) <

(Harson's the 1954)



Surveys
-
Enric Ventur-ra

(Barcelona)

Jardi Delgado

se also my webpage


