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Ring homanorphisms
t

A function f : (R , +, . ) -> (R' , =)
is said to be a ring homomorphis

if the following hold : for all v. ,v2 ER,

(f(n + v2) = f(n) + f(v2)

(2) f(v . (2) = f(v) .
' f(v)

Kunel of a ring homomorphism

Let R and R' be two sings ,
and

let f : R+ R be a ring homomorphism.

The kenel of f , denoted kenf is

defined as follows :

kut = (vER : f(r) = Om] .

9. Suppose a
,
b EKuf L a+ b -kuf ?

f(a+ b) = f(a) + f(b) = 0 + 0 = 0

So
,
a + b - Kuf -



1 . Suppore a , bEKuf .
Is a b E Kef ?

flab) = +(c) . + (b) = 0 .
0 = 0 .

G .
Suppose ER and atkut

Dor+ a and .
a EKuf ?

- f(r + a) = f(r) + f(a) = f(c) + Or
= f(2) which

may or may
not be Op

Hence
,
f(r +a) may

not be OR'

that is Uta may
not belong to kuf -

- f(r . a) = f(v) · f(x) = f(r) . Or

= Op
So

,
r .
a will always be in kuf.

So
,
we can say the following :

- kenf forms asubgroup of Rundent -

· If VER and a Kent
,
The r. a EKuf

This leads to the notion of ideals.



Ideals of a ring R.

Let R be a commutative sing with

identity
. ICR is said to be an

ideal of R if :

- (I , +) in a subgroup of (R , +) .

- For any
VER

,
atl , wafE

Examples
1. Kenf ,

where is a wing homomemphis

2 . [OR3
3. R

,

the entire sing .

4. Take any
a ER . Conside :

(a) = [ra : veR3. Doe (a)

form an ideal of R ? Yes (Check!

(a) is known as a principal ideal

of R generated by a



Now
,
we have that for any homomorphon

t, we
have an ideal given by kuf

Is the converse true ? Given an ideal I

of a ring R ,
can we get a honomerklion

f s .

t
.

Kn f = I ? To answer
this

question let is introduce the

concept of quotienting.

Quotient Ring
Let R be a ring and I be an

ideal of R .

Since (I , +) is a

subgroups of (R+ ) ,
we can define

-

the quolent group (R/1 +) ,

where R1 = [ 2 + 1 : vER] ,
and

(w + 1) + (v + 1) = (r + r) + I .

We have that (RA , +) forms a

commutative group



Stao
, define (2 + 1). (v' +1) =

v v + I
.

Does this definition make sense (

Note that WHI
,

r'HI
,
wr'tI an all

sets of elements from R

Take a EW + F and b -V' + I .

Them
,
a =
W+i and b = v + i bo some

i
,

i'El. Now we have :

a . b = L+ i) . (2 + i')

= rutritir' + in

= rr' + *, where :*E I . [Why?)
Err't I

So weree that the definition does
&

make sense. Check its well-definedness !"

- · is associative in R/ (Check ! )

-distributivity laws hold in R (Chuck!)
So

, (PA 1 +, · ) focus a rig .

Now
,
the ring is commutative as well.



Also ,
it has the multiplicative identity &

the
given by 1 + I

,
where I denotes -

multiplication identity of R

So
, (R1c +,

· ) is a
commutative

-

mug
with identity.

Coming back to our original
question regarding a ring R and

its ideal I ,
conside + : R + R/

~ *
W + I

, we have kuf = I .

Cuits in a rig R

An element aER
is said to be a

unit in R if there inste bER st

a. b = 1 .

Examples :

(1) What are the units in (Ec +1.) ?
1
,

- 2 .



(2) What are the wits in (*) +1 1)?
[23 , [3]

C) What me the mite in (****,) ?
All the non-zero elements of **

(4) What are the units in (Mu(R)
,
+ ))

↳

(Note that this is a non-commutative sing)
All the elements of GLu(IR) .

Field

A field is a commutation ing
with identity such that every

non-zero
element is a unit -

From the examples above
,

(*** It , ·) forms a field. Other

examples are. B , IR
,
C .



9 . What are theideals of a

field R ?

[00] is an ideal of
R.

Now
,

let I be an
ideal of R,

such that It EOR] ·
Take any

acl
,

st . a FOR :
Since R

-

t
.

is a field ,

there is a b ER, o .

/

a . b = 1 :
So

,

1 El
,
that is

I = R .I Rcan have only two ideals.

G . What about the converse [
-

Let us consider a commutative

ring with idule
,
R

, say,"ty
-

such that R has only two ideals.

Does R form a field ?



To show that R is a field ,
we

need to show that every non-

yoo element of R is a unit :

Lake a ER
,
s .

t
.

a + Or

To show that a is a unit

The information that we have
-

about R is that R has only hi
ideals. Now ,

let us consider

(a) , the principal ideal generated

by
a . Can the principal ideal

generated by a ba 30m3 ? No,

as
a f OR So

, (a) = R Ten,

LiC(a) : So there is bt R o .

t.
l

Hence, a is a mint ..b
.
a

= LR

Hence
, every non-zero element



in R is a wit. Thus R
S

forms a filld. This completes

the proof.

Example :

Ideal of (E/Ec +, 0) are

35033
,
ME = (1)) , (<23) = (6) , 227)]

Number of ideals > 2
&

H .

W. What are the ideal of (E, +,??

H .
W. What are the ideals of

(EX* 1 +, .)
,

where p is a prime

number
,

K < 1?


