
LECTURE 13 12 . 03
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Polynomial rings
,

Let us first consider polynomial ring
where the underlying sing is a field ,

F,

say

Consider F(n] = [Cotautap- -... tank" :

a
:
EF for all i , n 7, 03

his have : (F(2]
,

+
,

. ) Forms a sing .

What about the ideals in this ming ?

Let us introduce the concept of movic

polynomials .

- A movic polynomial is a polynomial
where the coefficient of the highest
power is 4

-

Of course
, any polynomial over a field can



be reduced to a movic polynomial

An example

f(x) = m
>
+ 222 + 32 + 7

g(x) = 2
2
2 + 2 .

So, deg g > dag f .

Then there exist

polynomials q(x) anda (2), at

f(x) = G (2)
· q (2) + (2)

,

with dog
r < dugg

& . If we take ap (2)
I

,
would this result

be satified ? NO (Check !)

G . If we take g(G) = x + 1 ,

would this result

be satisfied ? YES (Check !)

Result : Given
any

two polynomials + and g
own a field F with deg g [degt ,

there

hist polynomials (2) and (2) , e .

t.

f(r) = g(n) · 8 (2) + W (2) with dug r < degg.



Theorem. Every ideal (03FICF[c] is a

pincipal ideal generated by amovic

polynomial f
in I of minimal degree.

Proof .
Wishao : It [0] .

Let f(u) EI be a

movic polynomial of minimal degre .
So,Now ,

conside any
h (2) E I . We have

I

h(n) = f(n) · q(n) + r (2) ,
with

deg r < degf

Then
,
w(x) = h (2) - f (x) · q(u) - I

Thus
,

(n) E I and deyr < dry f

So
,
r() = 0 (Why ? ) ·

Then :

h(n) = q(n) · f(n) :

So
,
I is generated

by +(2) ,

that is
.
I : (f() ·

This

completes the proof...

Letas now try to provide another

proof of the Fundamental Theorem of Algebra -



Fundamental Theorem of Algebra :

Any polynomial of degree o has

at mostn root-

Proof . Let F be a field and F(2] be the

polynomial ing over F .

Take
any

& EF .

We can define h : F(x) -> F

f(z) ++ f(e)
.

g So h a homomorphism ?
- h(f(x) + fz(n)) = f , (2) + f2(e)

= h(f ,(2) + h(f2(z)

- L(f , (2) - f2(2)) = ↓(c) · Ek)
= h(f)(2) . k(fz(v).

0 .

What is the kend of he ?

Kunk = [f(2) E F(2] : f(c) = 03 .



Wa have that Kenh forms an ideal of

F[2] ,

and thus Karh is a principal

ideal generated by a movic polynomial
of minimal degree .

Let us consider x-e
,
a monic polynomial

He have : n-2 E Kenh and so

kn h = (n- c) ·
Take any f(x)EKuh

.

So
,
+(c) = 0. Now f(x) = (a - c) · g(z),

where g(x) - F(2] .
Now

, suppose fab
isof degre

n . Then g(a) is of degrent .
So

, by applying induction
we can

say

that a
-polynomial of degre u has at

most m roots. This completes the proof-

Note : The "field' ansumption is necessary
Consider the polynomial 22-1 over g

At isakolpomial of depene
ene

the roots are [d] ,
[3] ,

[5] and 97]
,

that


