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We will now move on to discus

about homomorphisms from * to

some ing R
, say

Take a honomorphism f : + R.

What is kenf ?
- R = [0m] . Kuf =

- R = E
, B , IR . Km f = (03

[Note that a homomorphism from ,

* to I will take 1 to 1 . In

general ,
a homomorphism from

to R will take 1 to 1R] -

- R = E/nE N kuf = ne
:

G. What happens to kenf if R is a field ?



Proposition : If R is a field and

f : * -R is a homomorphism ,

then

Kerf is either 20] or p for some

prim p -

Proof . Suppose Kuf #40] . Now , Kenf

is an ideal of E .

So
, kufin *

for some n CE ..
We need to show

that u is prime. Suppose not.

Then ,

without loss of generality we

can
write n = a . b

,
a

,
be

Now ,
we have f(u) = 0

=> f(a- b) = 0

=> f(a)- f(b) = 0

Then
,
either f(a) = 0 or f(b) = 0

[Suppose +(a) #O. To show +(b) = 0 .



Since f(a) + 0 , (f(a)"wrists .

So,

f(a) - +(b) = 0 => (f(a))(f(a) - f(b)) = 0
=> f(b) = 0]

So
,
a ckuf a btkenf

Then, at UE o bEE ,

that is,

either a is a multiple of n on b is

a multiple of u
,
a contradiction.

Thus, i is a preme number. This

completes the proof

Characteristic of a field.
Let F be a field .

Consider the

homomorphism - :
+ F .

Then
,

by the above result ,
we have :

Kee f = 60] or PE , for some prime P.

If knf = [0] ,

we say
that the field

F has characteristic 0. If kuf =b,



then we say
that the field F

has characte in to P

Examples

Fields with characters to 0 : IR
, I

Fields with characteristic p : F/pt

Size of finite fields,

Theorem : If F is a finite field them

|F) = p" for some frime p and some

positive intigu n.

Proof : Let F be a finite field. Conside

the homomorphism + : * -> F .

Now,

knf + [0] ,
as is an infinite set

and F is finite . So
, Keef = PE for

some prime p.



Now
,

consider a function g : T -> F,
g(z + bE)

= f(z)

① to
g well-defined ? YES

Suppose 2
,
+ p E = z2 + p #

Them
,

2, -22 E p &

Then , f (z , -zz) = Of

Then , f(z) = f (22)
20

, g(z + P2) = g(zz
+ b) .

② So
q injective ?

YES

Let g(z + b() = g(zz + b E)

Then , f(z) = f(zz)

Then
, + (z) -zz) = Of

Then
,

z, -z2EpZ

Then
,
z + pR = zz + PE .

③ to
g
a homomorphism ? YES



q(t + bt) + (z2 +bE)
= g(2, + z) + bE)

I f(z , + zz)
- f(z) + f(z2)
= g(z, + bE) + g(z2 + b) .

Also , g(( , + 62) · (z2 7 PE)
= g(z ,. zz + bz)

= f(z ,. zz)
= f(z) , f(zz)

= 8(z ,+6) · g(z2+b)

Thu
, g

is an injective homomorphism

from Att
to F . Then

, Epis
isomorphic to Image (g) in F . Then,

one can identify elements of Ep



with elements ofImage (8) , and
Conside F to be a vector space

over the field " (Check !)

But F is a finite victor space,
-

in particular a finite-dimensional
·

rection space over p
- Let din (F) = n.

Them , any
v EF can be written

uniquely asa4
, tanzt---tanin ,

·

where ait /p to all i and

30, , 02 ,

--

. Un] is a basis on Fove

TEXE : This provides us with a

bijection between F and (E/pE) -

But (E62)" /26" .

So
, IF1 = 6"

This completes the proof -



Integral domains

A commutative sing with identity R is
said to be an integral domain if

for all a , b ER ,
a . b = 0 imples

either a = 0 N
,
b = 0

Examples

-
-

any field
· F[x]

,

where F is a field.

- Consider
#

and consider (2]EEyn*
Now (2) + [0] ,

but [23 . [2] = [0]
·

Thus E is not an integral domain .

H .
W . Prov that

any finite integral
domain is a field



Theorem : Any integal domain can be

extended to a field .

What does this result
say

?

If R is an integral dona ,
then

·

them exists a field F such that

there is an injective homoioplin m
h : R -> F

. F

h

R -

> h(R)
1- I

homomorphism

An example case

The integral doman ,

I can be

extended to the field of rational

numbers
,
I


