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Proof of the theorem.

Let R be an integral domain.

Conside S = R X R [OR]

Define a relation~ on S as follows :
/

kids-cas

ins
= an

So w an equivalence relation ?
&

-

is refleawer (trivial)

~ is symmeting (trival)
-~ is transitive : Suppose (4 , b) -(4)
and (2 , d) ~( , f). To show (a ,b) - Le . f).

Now
,
ad = be and of = de

adcf = bcde .

Then
,

adef-bade = 0

Then
,
cd(af-be) = 0



Them
,

cd = 0
, af-be = 0

- If (d = 0
,
then C= 0 as

,

dF0 ·

Then ,
a < c = + = 0 and so

,
(a ,b) (est).

- Of Cd + O ,

then af-be = 0
,

that is ,
af = be · So

,
(a ,b) (e , f).

Thus ~ is an equivalence relation .

Then I can be partitioned into

equivalence classes . Let a devote

the equivalence class containing (a , b),

that is
, 4 : [la ,b)]

Let F =
S/ = <Y : (ab) E Rx R1203].

Define + and. on F as follows :

- - + Y = (ad + be)Lod

- %
: %

= neybd



We first need to check that + and

are well-defined :

-if * :*or
and if 4 end

to show that
%

Y
.

+
,

"

2

+ Ya,
and a : d

= hy:

H .W. Prove the well-defined nes of +and :

Now
,

we have to check that (F ,+,.)

forms a field

-

additive identity :
wER1[0].

- multiplicative identity : U/ , VER1[0]

-

additive inven of Y : -Y , VERER1203.
- multiplicative invereof : * I hiS -RY O].

H .W . Prove that (F,+,.) forms a field



So, we have constructed a field f

using the integral domain R .

Now ,
we need to show that R sits

inside F
,

that is ,
we have to find

an in time homomorphism h : R+ F.
je

Define h : R+ F :
2 +>

h is injective : Lake
any a

,
bER

.

-

Now , h(a) = h (b) implies 4 : %2.
implies a 1 = bod

,
that is

, a = b.

a
,
bER .h is homomorphism : Lake

any
aNow

, h(a + b) = a + b

L + b/
= h(a) + h(b) .

h (a. d) =
<) = 06/2.

= h(a) . h(b) .



Thro ,
h is an injective homomorphism.

This completes the proof

F is called a quotient field of R.

Quotient field
.

Let R be an integral domain.

Then the quotient field BR , way ,

is in fact the smallest field

containing R in the suse
that if

Fus

my
e
any field much that there is an

-

· -ve homomorphism f : R-> F
,
then

there is an injective homomorphism,

**: &R -> F .

How do we get this f*?

Consider R
Y

* ↓* i = f·f



Given f ,
and the mak h given above,

which we
denote here by i ,

we need

to find f*: &R-> F which is an

injective homomorphism with f = f
*
oi .

Define f: &RTF by :

f
*

(
%/) = f()(f(b))

+

·

Sirb F0,+(b) E0
,

as fi infosee

-

Getmfirst
check whether f* lee

Suppor = 4
.

To show f(Y) = F(Y).

Now
,

we have ad = be

So
, f(ad) = f(be)

i.2
, f(c)f(d) = f(b) f(2) .

i

.e., +6) ((b)) " = +(2) (t(a)
"

.



Thus
, f

*

is well-defined
-

H . W. Prove that * is an inpulive
homomorphism ,

Now, we
need to show that

f i = f
Take any
rER

-

(f
*

-i) (v) = f
*

(i(v))
=

f
*

(Y)
=. f(r)(f(1))

-

= f(2). [Since , f() = If]
.

Thus we have that &R ,

the quotient field

of R is the smallest field containing R.

H.
W .

Let R be a commutative sing with identity.

and F be a field .
Let f : R-F be an

injective homomorphism. Then f(I)If
: Prove

on disprove .


