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More on quotient singe
Let R be a ing and I be an ideal

of R. The quotient ring is them given
by RA : [r + I : ERY .

.

Also
,
there

is a natural may f : R+ RX : UHr +I

What are
the ideals of R ?

Let us
consider the following twosets :

A = 3 J : I is an ideal of R containing 13

B = < M : Ky is an ideal of M/I3
Claim : There is a one-one correspondence
between these to sets

,
A and B.

Proof idea : (1) From A to B.

Take any
JEA . Define F(J) = [f() : jeT] .



Of course FC5) < R/ Let's see
whether

F(5) forms an ideal ofR/F

(i) F(J) terms a subgroup of R/ under addition.

-Let a'
,
b'E FC5). Then there are

a, b
E J e . t . f(a) =

a' and f(b) = b'

Then
,

a + 6' = f(a) + f(b) = f (a + b)
·

Since a+ b EJ
,

a + b' < F(5) .

-Associativity follows from the associa

tivity of + in the ring R

- Identity element is I (Chuck
!

)

durense of a = f(x) = a+ 1.

in - a + & :)As ,
- a is in 5 for

all a EJ ,
5 being an ideal of R)

(ii) Take any
2 + I ER/T and a + IEF(5)

.

m

To show that (r+ I). (a+ 1) = F(5) ·

that is ,
r

.
a + 1 < F(J) .

Since
,

a+ 1 EF(5)
,

at J and

no r.
a -J , so v. a + 1 < F(5) .

Thus
,

FC5) forms are ideal of R/I



(2) From B to A

Let I' be an
ideal of R/ ' We need

-

to find an ideal J of R containing
I

,
ot .
J = 5/ : Let us difue J

as follows
: 5 = Sj : j+IE J'] ,

that

i ,
i = f'(J) = [aER : f(a) E j'3 .

(i) Does J contain 12

Takeanya EE ,Towha theat
Now

,
I is the geo

element of R/F and

I' is an ideal of R/ - So
, I EJ' .

Then , f(a) EJ' and so , a Ef(5) = J
.

Hence
,

I CJ.

(2) J is an ideal of R.

T .

P. (i) J is a subgroup of R under addition.

(i) Take VER ,
af J .

Then v..

c EJ .

Proof is done in the



This giveno the one-one comepondence
between A and B.

An application of this correspondence.

Let R be wing and I be an ideal of R.
We have the quotien sing R/I' .

We also have a surjective homomorphism

fron R to R/I . Similarly ,
we have

a surjective homomorphism from R/
m

to M/=/
where J is an ideal

of R containing I.
Consider :

R
f

Y R/F

f

↳
dogreta gen a ensure



homomorphism from R to M//IA
Then we have :

R/kg E RF f/
I

What is Keeg ?
H .
W .

Check that Kng = J

We then have :

↑
/ E /

S

We happens if a quotient sing R/
is a field (another application) ?

Suppose RA is a field. Then it
has

only two ideals I and R/1 . It follows

that there is no proper ideal J of

R b
-

t I C JCR. Such an ideal



is said to be a maximal ideal of

R . Also, it follows that if I is a

manimal ideal of R ,
then the only

possible ideals of R/ are I and Ry
Then My forms a field. Thus we

have proved the following themen :

Theorem : Let R be a sing and I he an

ideal of R .

Then R is a field iff

I is a
maximal ideal of R -

Adjoining elements to a ing
Let R be a rig and let4 be some

element. Our target is to find a rig
/

R'
, say

which contains R and X andis

the smallest such ing

Consider R' = R[X]



= Grotrid trect .... + Und
U

e

vi
E R for each i

,
n 40].

H .

W. Check that RK] forms a ring and
it is the small otinq containing R
and 2 .

~

Examples.

1
. If < ER

,

then RK) = R.

2. Ifa is not a
root of any polynomial

over R
,

then R[X] E R[x]

3
. if X is a root of a movic polynomial
of minimal degue ,

w
, say

over R them

what can we

say
about RK] ?

We claim that !

R(7] = Erot ris treat-- - tra : KER

for all i ,
02[In+ ] .

This is true because! for some polynomial

f(x) over R
,

we have f(x) = 0
,
that is,

ao + 9
,
2 + 1242 + -- . + am +1 =0



So
, <

"
= - (90 + 9

, <+ 2222 + ---ant)

Thus we have R(X] as above

In particular we have'

RK] = R" (as abdian groups).

Ex
-

Lample :

- R = E ,
4 = 2

,
conside the movic

polynomial 22 + 1 over E

So
,

[i] = <20 + zi2 : Eo
,

2
, +> E]

E * (as abelian groups).

Back to R [c]

Continuing our discussion on Rk]

where < is a root of a monic poly
mial of miminal digree n

, says

we can consider the ideal generated
by f(n) , (f(u). Now , any h(n) ER [a]



can be written as h(z) =

G(x) · f(x)

+ w (2)
,
where degree (2) < degre (f).

So
,

we can consider the quotient

sing M(MY(2)
E R[S] (as ing)

.

H .W . (i) Show R(K) =R" Cas abelian
group)

(ii) Show RInyHa) ERK] (as ingo)

[C is a root of the monic polynomial
f(x) , may , of minimal degree

n
, say)

Example (continuing) :

E (i) = E(n] ~ #
L) Can ,

where
[as (22+ 1

abelian
ring) group]

i is a root of the movic polynomial 22+ 1

over
E


