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How to construct fields containing
↳P elements , for any prime member p ?

Before getting into this let us

introduce the concept of ineducible
-

polynomials ,
which we would use below :

- A polynomial f(x) over a sing R
is said to be inducible if f(x)
cannot be expressed as a product,

g(v) . ((n) of Polynomials g() and

h(x) whose degrees are 7, 1 .

Example

R = E/z : f(x) = x 2 - 2 = (1) .

22 - [2]
.

Does Hel have any
root in B ?

No [[0]
=

= [0] ,
[12 = (13 ,

(>
=

= [ 1> ]



So
, f(x) is imeducible over R as

f(x) cannot be expressed as the

product of g(u) and
h (2) with degrees !

Let x be some root of f(x) .
Then,

E(t() = Z/3z [ 2]

/CC-2
zz XE Elst /

E(E(z)
2

[as abelian group]

So
, E1[2] contains 9 elements

We have started off from a field

Est containing 3 elements and

using an in educible polynomial
over Est ,

we have come up with

a ring structure
E/ [*] containing



32 9 elements
.
If we can prov

that E/z[X] is a field ,
we get

L field containing = A elements.

To achieve this
,
let us prove the

following lemma.

Lemma .

Let F be a field. Then,

(5(a)
is a field iff f(x) is

Flaxy
&

uneducible over F .

[f(a)
·

We have
,

Proof : Let F = FIR
the following :

F' is a field

iff I' has only two ideals [0F1] and F

iff F(n] has only too ideals containE
(f(n3) ,

(f(n) and F(m]. (Why ?)



iff (f(n)) is a manimal' edeal of F(n].

iff there is no other g() in F [x]
1 .

t. g(x) divides +(2) (Why ? )
iff +(2) is ineducible over F.

So
,

we have constructed a field

containing 32 = 9 elements
,
Z-to2)
L

Let us now generalize this idea

to constinct fields of order 62 ,

for any prime p.

- We consider the field E/pt and

try to find inreducible polynomid
of degre

2 over Ept
Let us first consider EIE



Consider f(x) = x 2-1 . Then
, f(x) =x- 1) (2+)

,

no
, f(x) will not work.

But consider f(x) =
22 + 2 + 1 ,

it

is ineducible over E/F

So the required field having 24
$

elements is Fr [n] 3/Ca2 +
at

Let ne conside primes 672.
Consider the polynomial f(x) = n- b

and a prince p72 . Now
,
flu)

will be ineducible in Ept of b

is not a square
in

E/pt : So,

if we can ensme the existence of

ench c b in E/E1672 ,
we

are done.

We prove the following lemma



Lemma. Let p be a prime number

72 . Then
,

there exists be EXPE
such that b is not a square

Proof .

Consider a function :

- : F%z)32043
-> E/pEL [10]] ,

f(y) = g2 . Now
,

+ (gi . g2) = (g , . 82)
>

2

= g?
2

. gz
= f(g)) - f(gz)

So
, f is a group homomorflism on

EXE [17] .

It is enough to show thatf is not
C

C

·

sager twe map We know that2

I

In this case, f is enjective iff



f is injective if Kenf = [S13] ·
So

, if
we can shou that knf + ([1)],
we me done

Now
,
kn f = [[n] E EXE [103] : a

= 1 (modBy
He have

,
a

2

= 1 (modp)

iff 6 /a
=

- 1

if b/( + 1)(a- c)

iff p/(+ 1) a p/ (a-)

iff a = -1 (modp) a
,

a = 1 (modb)

Then
,
kn+ = [C]

,
[ 17].

Hence
, knf[['S]

&

So, f is not sunjectur
This completes the proof



- Thus
,

we have a way to construct
C

fields having 62 elements for

every prime P.

Prime fields-

A field F is said to be prime
ifI has no proper subfield

Example

&

Lemma Consider field F . Then ,

(2) If I has chammyactivistic O ,
then

F contains a subfield Ket. . KE.

(b) ifI has characteristin P)0,
then

F contains a subfield Kn .

t. KEF/E



Proof- Let f : E + F defined by :

f(x) = 1 1--- . H

--
n limes

for all n E E
,

I being the multiplication

identity of F . We have that
, I

is a homomorphism .

(a) Suppose the characteristra of Fis O.
-

Then Keef = [03 ,
So

, fin injedive -

Defin +*: & + F by'

** (Y) = +(a) [f(b)] In all Yt.

1 . Is f
*

injective ?

-
*

(%) = #
*

(Y)
=> +(a) ((b))

"
= f(e) [f(d))



🔗

= f(x) f(d) = f(b) f(2)

= flad) = f(bc) .

= ad = be

= / = Y
*

So
, f is injective
.

2
. So f

*

a homomorphism ?

- +
*

(Y + Y) = +
*

(b)
-

= f(ad + bc) [f(bd)]

= (f() +(a) + f(b) f(2) .[f(b5 (t(a5]
= f(a)[(b)) + f(x) #(d))
= f

*

(Y) + +
*

(Y)



- - (Y % ) = + (a)
-

= f(ac)(f(bd))
= f(a) +(e) [f(b)) (Leas

= f(a) [f(b)
"

-(c) #Capt
= f

*

(%) - f (Y)
.

Them
,

we
have that f

*
is

an injection home morphism from

O to F
.

So
, & E Image (f

*

) .

ButImage (f
*) is a subfield of

F and we have our Ke .

t
.

F & K = G. This completes the proof -


