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(b) Suppor the characteristic of F is p.
Then

, Kenf = PE . Then we have,

by first isomorphism theorem,

/pt
= Image (t) .

Here
, Image (f) is

a subing of F with identity. But,

Image(f) EF ,

and so Image (H) is

an integral domain .

Them
, Image (t) is

a finite integral domain and hener

a field . Imag (A) is an subfield of F.

and we have no K = Amage (f)

H .W . Show thatI and ElpE , for any

kin p ,
are prime fields.

H .
W. Let F be a field and let K

be
the intersection of all subfields

of F .

Show that K is a prime subfield
of F .



Field extension.

Leb F be a field andK be a subfield of

then,wesayFianextension oa cate

it a field extension I

---

Now
,
take

any
CEF .

Then K] is a

rubing of F with identity ,
in fact

,

an

integral domain

Weidemotenes-Ea/a, be,
b e

If we conside 2
,

s
, ..., I EF ,

we can

similarly construct !

k(((2 , ...., (n) = K29 ,
22

,

-"

,
(n) (en) .

We now introduce the concepts of algebraic
and transcendental elements.

- Let F/K be a field extension
. An element

a
&F is said to be algebraic over K

,
if

there inst Ro
,

k, ...., KnEK ,

not all zeo
&

s .
t . Ro +

,

a + ... + Kna" = 0 .

Otherwise,

a is said to be transcendental over K.



Examples
- R ! I is algebraic over I

/R
! i is algebraic over I

/g -
i is algebraia over I

-

R/ : I
,

e are transcendental over 1

FlyF : is is transcendental over
F.

H .
W . Let F/K be a field extension. Then

LEF is algebraic over implies that

c is a
root of a unique inducible

movic polynomial f(x) over K
. (Also

known as the minimal polynomial of <

own KJ

Theorem Let F/X be a field extension ,
and2EF.

(a) if a is transcendental over K
,

then

(2) = K() ,

where K(n) is the quotient



field of the polynomial ring K(1].

(b) If a is algebraic over K
, then

where H() is the minimal
[] = KEY 2(f(x) (Check ! (e) = K ]]
polynomial of < over

17.

Proof . Given field K
,

we consider the

polynomial ring KCS and a function

h : [x] -> KC)
, given by :

n(g(n)) = g(e) , for
all g(a) Ek[n]

Then ,
h is a subjective homomorphism.

from KI] to KIe7 · So
,

we have :

KEYkuh
= K[] ,

(4)If a is transcendental,

Kuh = 90] ,
and Hence

,
[R] = KEC]

,
-

that is ,

h is an isomorphism .
Then

,
J

h can be extended to an isomorphism

↓*: (2) + K(e) (Check !) ·
Thus,

R() E K() ·
This completes the proof



() Suppose a is algebraic over K.

Now
,
Kurh is a principal ideal

of K[n] · To show that Kerh = (f).
We have that Kerh = (g(n)) ,

where

g() is some
movic polynomial of minimal

degen. Then , h(g(2)) = g(c) = 0 So,

a is a root of (a) . Then < f(x)(g()
and so (g(n) E (f(n)) · Now , f(e) = 0,

no , Ha E Kur h . Hence
,
(() <((n))

So
,

we have (f(x) = (g(n) = Kn h.

Fields as vector spaces

Let F/ be a field extension . Then
,

F

can be considered as a vector space over

K .
The dimension of this vector space

is denoted by [F : K] and is said to

be the degre of the extension F/K :

4

If the dimension is finite ,
then F/K 2

called a finte extension ; otherwise F/K
is an infinite extension.



Theorem . Let F/ be a field extension and

let 2 EF he algebrais over K .

Let f(x)
be the minimal polynomial of a over K.

If deg (f) = 20
,
then 1

,
C
,

2, -..2 forms

a basis of the field extensionK(C)/K :

Proof .

Since c is algebraic over 1
,

we have

that K(C) = K[e] (Why? ) .

We first shows

that [I ,
C

,
2, ..., ch] apans K[e] · Take

any g(a)EK[e] · with g(a)KC]
· Then

-

considering g(a) and f(x) ; there inst

polynomials q(z) and r(n) ,
with deg(2) <dig(f),

st . g(n) = g(u) · f(a) + r(x) ·

Then
, g(e)

= q(c) f(c) + r(c) = r(2) · This shows that

& 1 ,
2

,
23, ..., <""] openo K[C] ,

in other

words , the field extension (C)/K .
Lie

now show that(1 , 2
,

22, ...c] is linearly
independent. Consider : Kotk,+.... kn+

"
= 0,

with KiEK for
all i , with Om . If

k= ~
are not all

zeo ,
then c is a root



of a polynomial of degle =n-1 < n
, a

contradiction ,
and hence

,

all kis are zeo.

So
, Gl , <

,
23, ...,

*

3 is linearly independent
and hence forms a basis for the

vector space (2) over K
,
that is

,
the

field extension K(C)/> This complete the

proof

Note : If e is algebrais over a field K,

and degre of the minimal polynomial of
< oo K is

,
then (() : ] = n.

We haveneen transcendentals in a

field extension ,
e.

% ., 1 where
,

it, e

are transcendental elements over I.

Now, / is an infinite field
enter sia. D restion : If we consider 2

finite field extension FX would there ex

telements in F that air transcendental over K ?


