
LECTURE 19 09 . 04 . 2024

Proposition : If F/k is a finite field enter
scon ,

then
every

element of F is alg-
elesic over K

Proof : Let [F : ] = 2
· Take any

CEF.

To show that a is algebraic over K.

Casl. = 0 · Our required polynomial
·

R
us

Case I. = 1.
.

A required polynomial is
x- 1

Car III . <#O ,
1 . Let us consider the

set(1 ,
c
, 3 -.. , 2"] .

(a) Not all of them are distinct.
-

Then there exist j , l , say ,
such that

c
= ch, 0 =j( = u . So

,

elj = 1,
and our required polynomial can

-

be given byxett-1



(b) All of them are distinct.

Then (1 , c ,
ch ... 22] forms a linearly

dependent set . (Why ?) . Then
,

the

inst ko ,-,kek , notleda
which gives us our required polynomial

This completes the proof

Problem : Show that 27 is irreducible

in 9(5)(n]
Solution

.

Suppose not. Then,

n= 7 = (x - (a+ b(b) (x - (2+dr) ,

where
,

a
,
b
,
>d E I

Then ,

n
= - 7 = x - ( + c) + (b + d) (5) x

+ (ac + 3bd + (cd+bc)()
So : <+ 2) + (b + d)5 = 0

and ,
ac+ 3b + (ad +bc)vz =

- 7



Now
, 41 , 13 forms a basis over $

for the field extension (B)/g
We have : a+ c = 0, a ,

a = - C

and b + d = 0
, or b = - d.

so
, (-a

2

- 3b4 + (-2ab)5 = - 7 .

similarly ,
we have :

- 22
- 36 = -7 and-2a1

= 0

But then
,
a = 0 o

,
b = 0.

Case I . a= 0
· Then 36 = 7 But beg

Then
,

b = E ,
where p , g are integers,7

and p and o are relationly prime to each other.
Then

,
36 = 792 ,

a contradiction

So this case is not possible.

Case 11 . 620 · Then at = 7
,
a contradic-

tion
.

So
,

this case is also not possible.



Hence , 127 is inducible in (5)[].

This completes the solution.

Intermediate Field

Let F/k be a field extension. A subfield

L of F is called an
intermediate

field of F/K if KELF ·
We

note thatL is also a subspace of
F over K .

H .
W . Let Fly be a field extension .

and

L be an intermediate field . Show that

[F : 4) = [F : L] [L:J .

Example
I (F , ) ↳

·

Consider the intermediate field G()SI whe =G()G(E,5) .

Then ,
we have the field extensions



grey and (F ,5)/(E) Now
,

x22 is the minimal polynomial of E
over 1 ,

x23 is the minimal polynomial
of 15aver (1) .. Thus , [D(E) : 9] =

and [9(F,5) : &(E) = 2 ,

and finally,
following the given homework above,

[G(E ,5) : 9] = 2 . 2 = 4
,
with basis

El E, 5 , i]

Proposition Let F/K be a field extension.

Let L be the set of all elements in
F

that are algebrace over K .

Then,

↓ is a intermediate field of F/1

Proof · Of course , LEF . Let us now



show that KEL . Take REK . Then

x - k is the required polynomial
showing thatI is algebraic over K.

So
,
REL ,

and hence KEL .
So
,
KELEF .

It remains to be shown thatLis a

field . Take a
,
bEL withb70 · It is

enough to show that a-bELadatEL.

Let m be the degree of the minimal

polynomial of a over 13 and i be the

same for b over 1 - Consider the field

intensions (()/y and K(m ,b)/k()
Now , (1(a) : ] = In

and [K(a / b) : K()] En (why? ).

Thus > [K(asb) : J is finite

So, way element of K(a ,b) is

algebraic own K . Since K(a ,b) forms



-

a field ,
and a

,
b EK2 , b) ; a-b,

alt K(a , b) · So
,

a b and abt

are algebraic over K , and hence
,

<-b
,
altEL .

Thus I form a field,

This completes the proof

We will now consider the cristence of

such field extensions which are generated

by roots of polynomials .

First
,
we will

study the following result which gives a

positive awson regarding existence of roots

of any polynomial over a field,

Theorem . Let k be a field and let f(x)

br a non-constant polynomial in K[].

Them
,

there exists a field extension F/17

each that F contains a root of f(2).

Proof . Without loss of generality we

can assume that f(x) is inducible in



12) . (why ?) · Then Klay(L)
fromt

a field. Take F = K[2]
C[f(x)

need to show the following :

(i) K can be embedded in F ,
that is,

> -
there is an injective tomomorphism from
K into F.

(ii) F contains a root of f(u).

Proof of (i)

Conside the natural homomorphism,

<: k()+ KEY(())
: 8() + g() + (A(L)

Now
,
K &[23 · And

,
KM (f()) = S03·

Consider a
,
b EK s .

t. < (c) = <(b)

So, a + (f()) = b + (f()) , implies ,

a- b E(f(n)) implice a- b =0, as a-btK.
-

ge
-

So
,
a = b ,

and hence 4/1 is in dur.



Then
,

K = &m (46) EF . So
,
we can

say
that F/ is a field intension.

Proof of [i)
To show that flo has a root in F =

as i
Now

, <(f()) = OF

Also, < (f(z)) = f(x) + (f(x))
.

= f(x + (f(t)))
= f(x())

So
, f(x(n)) = Of

Hence
, <(2) is a rost off) in F

This completes the proof


