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A brief overview on finite fields

We will basically prove an existence

result and a uniqueness result for

finite fields.

Theorem (Existence) : Let to be a time
number and n be a positive integer .

Then there irsts a field extension

F/zp of degree in

Proof : Consider the polynomial f(x) = 2

*
-2.

over Ep .
Let S be a splitting field

of f(u) :· Let a be a root of f(x) in S.

Then , f(x) = (n-a)"g(a) ,
where my 1.

and a is not a root of g(x)

Let us consider f(x) &



From f(x) = 2

*
- x

, f(x) = - 1 (Chuck !)

From f(x) = (n -a) g(n) , f(x) =

(x - a)
-

(mg(x) + (n -a)g'(n)]

Then
,

we
have that -120

,
i

.
e

.,
m = 1.

This means that all the roots of

f() are distinct ,
that is

, f (r)

has " distinct roots in S . Let

F be the set of all these roots
.

If we can show that F is a field,

we are done . Let a
,
b EF

,
with be

(i) We show that a - b EF.

Now
, (a - b)

b"
= ab" - 30 = a - b .

So
,

a-bEF.

Dis We show that ab EF

Now ,
Cab")p" =

at ) = ab .
So

,

abEF

Thus F = S and also , we have



[F : p] = 2 Check !)

This completes the proof

Theorem (Uniqueness) . Any two finite fields

containing p" elements are isomoplic,
where p is a prime numbe and

i is a

positive integer

Proof : Consider the polynomial no -x

sen Ep . Take
any field

F of
characteristic o containing p" elements.

We consider the algebraic structure

(F1903
,

· ) Sisa commutative group

of order p"-1 .

Then , for all aEOS,
bp =1

= 1
.

So, a
= a . Also

,

0 = 0.
A

Hence ,
F contains all roots of 20-s,

I

and he nee contains a splitting field
S of up"- . But F is exactly the



set of roots of -2 . Thus
,
F = S.

So
,

we have that
any field of

danahinisteuntrainingpenaus
any

two such fields are is omoplic

This completes the proof.

Example .

Consider the field E2 and consider the

polynomial f(x) = 23 + m + 1 Ezz(n].

f(x) is inreducible
in 29].

Then
,

we can consider the field
Z [e] = E2 (61) ,

where,-

2

F = /
(i +

2
+ 1)

di is a
root of 13++ ) in F :

x + (n*+ x +1)



zc(A1) = [i] = 0
,
1

,
1

,

di
, It di,

I + 63
,
bi + di

,
1 + 1 +633

H . W .
Write the addition table for E2(61).

H .
W. Considering x + m + ) = (x+ 1)g(x)

find the roots of g() , say
d2 and by,

and show that Ec (61 ,
>2

,>3) =
2 (61),

that is , E2(1) is a splitting field
of the polynomial 27n +1. over E2.

I

~

H .
W. Do the same study for the

polynomial 2 + m + 1 own E2 :


