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Coding of Binary Information and Error Detection

The basic unit of information called a message which is finite sequence of characters
from a finite alphabet.Here ,our alphabet setis B=0,1.

Basic unit of information,called word, is a sequence of m 0's or 1's.

+10 1
The set B = {0, 1} is forming a group under the operation '+ definedas:| 0 | 0 1
1711 0

B™=Bx Bx B---x Bis group under the operation @ defined as
(X1, X2, .-, Xm) © (Y1, Y2, -+, Ym) = (X1 + Y1, X2 + Yo, .o, Xm + Ym) and the identity element
of B™" =(0,0,...,0)=0

Elements of B™ will be written as by, b, ..., by

Sender sends x € B" and the receiver recives x; € B". Due to Noise x # x;.Hence,if noise
exists then x; can be any element in B".

Basic task is to reduce the likelihood of receiving data.How?



Encoding and Decoding function
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Definition

e Encoding function (m,n) Choose m, n € Z such that n > m and a one to one function
e:B"— B"

e Decoding function (n,m) associated with an encoding fucntion e is an onto function
d:B"— B™



Group Code
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Definition

® (B",®)is agroup
e An (m,n) Encoding function e : B™ — B" is called Group Code if
e(b™) = {e(b)|b € B™} = Range(e) is a subgroup of (B", ®)
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Generating Group Code

e Minimum distance of a group code
Theorem 1: Given e : B™ — B"is a group code. The minimum distance of e is the

minimum weight of the nonzero code word.

e Theorem 2: Let D and E be m x p Boolean matrices, and let F be a p x n Boolean matrix.
Then (D E)«xF = (D F) @ (ExF)

e Theorem 3: Let m,n € Nwith m < nand r = n— mand let H be an n x r Boolean matrix.
Then the function fy : B" — B’ defined by fy(x) = x x H where x € B" is a homomorphism
from the group B" to B'.

® Corollary 3.1: N = {x|x € B", x xH = 0} is a normal subgroup of (B", ®).



Parity Check Matrix and Encoding function

by g by
ha1 hy har
* Parity check matrix An n x r Boolean matrix defined as H = [ o me | Where
1 0
0 0 1
the last r rows is a identity matrix /..
* Encoding function using parity check matrix: ey : B™ — B".Let b= byb> ... by and
x =ey(b) =biba...bpxixz ... X, where
X = by.hyy + by o + -+ + bm.hpy
Xp = by.hip + bp.hpp + - - + bm.hmp

. )
Xr = by.hyy + by.hpy + - - + by Ay

e Theorem Let x = yi)o...YmXiXe... X € B". Then xx H= 0+ x = ey(b),b € B™
® Corollary e4(B™) = {en(b)|b € B™} is a sub group of B"



Encoding Function
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Example of Encoding

Given the group code ey : B? — B® then m = 2, n = 5 and the parity check matrix
1 0

1 1‘|
0 0
1 0
0 1
B? = {00,01,10,11}.

Then e(00) = 00x1 x2x3 where by = by, = 0 and Xy, X2, X3 can be obtained from the H matrix
X1 = X2 = X3 = 0.Hence, e(00) = 00000

Similarly,e(10) = 10xyx2x3 where by = 1,b, = 0 and
xy = X2 =1,x3 = 0.Hence,e(01) = 10110

In the same way, e(01) = 01xyx2x3 where by = 0,b, = 1 and
xy =0,x2 = x3 = 1.Hence,e(01) = 01011

Finally, e(11) = 11xyx2x3 where by = 1,b, = 1 and
xy =1,x =0,x3 = 1.Hence,e(01) = 11101

Minimum distance of this group code (2,5) is 3 (Why this distance?)

H=

co-o-



Introduction Encoding and Decoding function Group Code Encoding Function Decoding function Error Correction in the absence of error  Error Correction in presence of e

[ JoJelele} O

Definition

e Maximum likelihood decoding function: Given ey : B™ — B". Let us list the code
words in a fixed order: x(") x®) . x2"

e |et x; be the received word a_nd compute 5(X(’), x¢)Vi =1to 2™ and choose the first code
word , x() such that min §(x(), x;) = §(x(9), x;) Vi = 1 to 2™. Hence,x(®) is the closest code
to x; and the first in the list x("), x®) . x@"

e Let x(9) = ¢(b).Then maximum likelihood decoding function d associated with e by
d(x;) = bwhere x; is the received word.

e The maximum likelihood decoding function d depends on the order x(, x® . x(@"),

® Theorem: Given that e is an (m, n) encoding function and d is the maximum likelihood
decoding function associated with e. Then (e,d) can correct k or fewer erros if and only if
the minimum distance of e is atleast 2k 4 1.
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Coset Leader

® Lete: B™ — B" be an (m, n) encoding function.N is set of code words in B" such that
N = {X(1),X(2), . ’X(zm)}
® Let x = e(b) where b € B™ is transmitted and received as x; € B". Left coset of N is
Xi+ N ={x+xD x; +x®  x;+xC™} = {e1,ea,. ... exm} Where ey = x; & x1.
* Distance between the received code word x; and x? is ||
® ¢; is a coset member with smallest weight, then xU) must be the code word that is closest to

xi.Here, X =0 X =xoxoxX =x®¢
® Coset Leader An element ¢; having the smallest weight,called the Coset leader.

® Coset leader may not be unique
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Basic Decoding function

® Given e: B™ — B"is a group code and sender sends the data b encoded as x = e(b) to
the receiver.

e Step 1: Determine all the left cosets of N = e(B™)

e Step 2: For each coset, find the coset header( a word with smallest weight)

e Step 3: Determine in which coset of N, x; belongs.[ As N is normal subgroup of B" ,due to
partition of N, x; will be in exactly one coset among 2™ ™ ]

e Step 4: Let ¢ be the coset leader as determined in Step 3.Compute x = x; ® e. If e(b) = X,
then d(x;) = b.Hence, receiver decodes x; as b.

e The main problem of this algorithm is the calculation of the entire table containing all
the coset elements.



Decoding function
[e]o]e] le}

Syndrome of a code word

e Theorem: Given m,n,r = n— mand fy : B" — B™ and defined as fy(x) = x x H, then fy is
onto function.
e Syndrome of x: B and B"/N are isomorphic where N = ker(fy) = ey(B™) under the

homomorphism g : B"/N — B’ defined by g(xN) = fy(x) = x x H.Here , the element x « H
called the Syndrome of x.

e Theorem: Let x, y € B".Then x and y are same left coset of N in B" if and only if
fu(x) = fy(y), that is if and only if x and y have the same syndrome.



Decoding function
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Modified Decoding function

® Given e: B™ — B"is a group code and sender sends the data b encoded as x = e(b) to
the receiver.

Step 1: Determine all the left cosets of N = ey(B™) in B".
Step 2: For each coset find the coset leader and find the syndrome of all coset leaders.

Step 3: If x; is the received, computer the syndrome of x and find the coset leader ¢
having the same syndrome. Then x; ® ¢ = x is a code word ey(b) and d(x;) = b.

Here, we donot need to keep the entire table of cosets.
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Example 1

Given the (3,6) group ey : B® — B® and consider the parity matrix H = [

(=X =Jr_ S,
o—-o-0=
B =

The encoding function ]

| e(x) | e(000) e(001) e(010) e(011) e(100) e(101) e(110) e(111) |

HXGN\OOOOOO 001011 010101 011110 100110 101101 110011 111000H

The Syndrome Coset Leader table

Syndrome of Coset Leader (x « H) 000 001 010 011 100 101 110 111
Coset Leader (¢;) 000000 000001 000010 001000 00100 010000 100000 001100

e Sender send the data b =011 € B® encoded as x = e(011) = 011110

e Receiver receives the data x; = 011110
® Step 1: Calculate the syndrome of x; as fu(x;) = xex H=011110x H = 101
® Step 2: Using the Coset Leader table, the coset header is e = 010000

® Step 3: Finally ,compute x = x; ® ¢ = 001110 & 010000 = 011110 and the data is
b=e"(011110) = 011
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Example 1

Given the (3,6) group ey : B® — B® and consider the parity matrix H = [

(SN = R,
o—-o=—-0=

200 —aaoO
| I

The encoding function
| e(000) e(001) e(010) e(011) e(100) e(101) e(110) e(111) ||
1000000 001011 010101 011110 100110 101101 110011 111000 ||
The Syndrome Coset Leader table
Syndrome of Coset Leader (x x H) 000 001 010 011 100 101 110 111
Coset Leader (¢;) 000000 000001 000010 001000 00100 010000 100000 001100
e Sender send the data b = 001 € B® encoded as x = ¢(001) = 001011
e Receiver receives the data x; = 011011
® Step 1: Calculate the syndrome of x; as fy(x;) = x;x H=011011 « H = 101
® Step 2: Using the Coset Leader table, the coset header is e = 010000
® Step 3: Finally ,compute x = x; @ ¢ = 011011 © 010000 = 001011 and the data is
b= e"'(001011) = 001
1 bit error message corrected by Receiver
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Example 3

Given the (3,6) group ey : B® — B® and consider the parity matrix H = [

200240
| I

(SN = R,
o—-o=—-0=

The encoding function

| e(000) e(001) e(010) e(011) e(100) e(101) e(110) e(111) ||
1000000 001011 010101 011110 100110 101101 110011 111000 ||
The Syndrome Coset Leader table

Syndrome of Coset Leader (x x H) 000 001 010 011 100 101 110 111

Coset Leader (e;) 000000 000001 000010 001000 00100 010000 100000 001100

e Sender send the data b =010 € B3 encoded as x = e(010) = 010101
* Receiver receives the data x; = 011111 € B®
® Step 1: Calculate the syndrome of x; as fy(xt) = x; x H= 011111 x H = 001
® Step 2: Using the Coset Leader table, the coset header is e = 000001
e Step 3: Finally ,compute x = x; ® ¢ = 001110 & 010000 = 011110 and the data is
b=e"'(011110) = 011.
Wrong data accepted by Receiver.But why?
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