
Necklace Design Problem 
 

Introduction 

In this article we will discuss about counting number of different 

designs of a necklace. Suppose a necklace has n beads and beads are 

of two types. Now different designs can be made by arranging the 

beads. Again one design can be reached from another design by 

rotating / reflecting the necklace. We are interested to find minimum 

number of designs by which all other designs cab be reached. In the 

figure below, among the 4 bead necklaces, we can reach the left 

sided necklace from the middle one but cannot reach the right sided 

necklace. 

 

 

 

 

 



Algebraic Theorem to solve these kind of problem 

Defining Orbit and Stabilizer of a group: 

 

 

An example of orbit and stabilizer of a group: 

 

 

Lagrange’s Theorem: 

Statement: 

 



Proof: 

 

 

Orbit Stabilizer Theorem: 

Statement: 

 

Proof: 

 

 

 



Burnside Theorem: 

Statement: 

 

Proof: 

 

 

 



Solving our problem by this theory: 

We have considered two kinds of necklaces. In first kind there are 4 

beads and two of them coloured red, other two are black; In second 

kind 4 beads and all of them can be coloured either red or black. By 

design fixed by an operation we mean number of designs which 

remains identical by the operation. Different group operations and 

number of design fixed by the operations in both cases have been 

noted in the following table. 

Group operation Number of designs 

fixed for  n=4, k=2 

Number of designs 

fixed for  n=4 

Identity 0 degree 

rotation 

6 16 

90 degree rotation 0 2 

180 degree rotation 2 4 

270 degree rotation 0 2 

Horizontal reflection 2 4 

Vertical reflection 2 4 

1st diagonal reflection 2 8 

2nd diagonal reflection 2 8 

Total 16 48 

Number of classes 2 6 

 



Number of classes are the number of designs that are needed to 

reach all possible design. 

Calculation details by Burnside Theorem: 

 

 

 

 

 

By application of Burnside theorem we can find the minimum 

number of different design that is needed to reach all other design in 

similar kind of problems.  
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