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Knowing Whether

e Beyond ‘knowing that’ (K;¢)
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Knowing Whether

@ Beyond ‘knowing that’ (K;p)
e knowing whether
e knowing how
e knowing why
e knowing who
e Knowing whether: Kw;p =4.r Kip V Ki—¢
e Describing agent’s certainty.

e Specifying preconditions for actions.
e Non-contingency.
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Everyone Knowing Whether

Common knowledge : Cp := Ep AN EEo N EEEp N\ - - -

|

Commonly knowing whether: 7
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Commonly knowing whether: 7

@ A preparation: the notion of everyone knowing whether.
o Ewip:=EpV E—p
o Ewyp := \,cq Kwip.
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Everyone Knowing Whether

Common knowledge : Cp := Ep AN EEo N EEEp N\ - - -

|

Commonly knowing whether: 7

@ A preparation: the notion of everyone knowing whether.
o Ewip:=EpV E—p
o Ewyp := \,cq Kwip.

@ Over [C-frames,

— Ewip — Ewrp.
@ Over T-frames, = Ewjp <> Ew)p.
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Possible Definitions of Commonly Knowing Whether

@ Cwip:=CpV C—p
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Possible Definitions of Commonly Knowing Whether

@ Cwip:=CpV Cop
@ Cwyp := CEwp (Cwy1p := CEwyp and Cwyrp := CEw,p)
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Possible Definitions of Commonly Knowing Whether

@ Cwip:=CpV C—p

@ Cwyp := CEwp (Cwy1p := CEwyp and Cwyrp := CEw,p)

@ Cwzp :=Ewp N EwEwp N EWEWEwWp A --- (Cws1p and Cws3op)
@ Cwyp := \;cg(CKw;oV C—Kw;p)
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Possible Definitions of Commonly Knowing Whether

@ Cwip:=CpV Coyp

@ Cwyp := CEwp (Cwy1p := CEwyp and Cwyrp := CEw,p)

@ Cwzp :=Ewp N EwEwp N EWEWEwWp A --- (Cws1p and Cws3op)
 Cwyp := \;cg(CKwip V C—Kw;p)

@ Cwsp := /\iz]-,k’__‘ee(Kw,-cp N KwiKwio N Kw;KwiKwip N ---)
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Logical Relations over C and K'D45-frames

CW1 — CW21 — CW22 — CW4

AN

Cwsy Cws Cwzp

Figure 1: Over K and K'D45-frames

CW1 < Cle < CW31 < CW5

]

Cwy Cwo Cwsp

Figure 2: Over T and S5-frames
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Axiomatization CwS5

Definition

We fix a denumerable set of propositional atoms P and a nonempty finite set
of agents G. The language Cw can be defined by the following BNF:

pu=p|p| (@Ap)| Kwip | Cwe,

where p € Pand i € G.
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Axiomatization CwS5

Definition

We fix a denumerable set of propositional atoms P and a nonempty finite set
of agents G. The language Cw can be defined by the following BNF:

pu=p|p| (@Ap)| Kwip | Cwe,

where p € Pand i € G.

M,w E Kw;p iff M, w E K;p or M,w E K;—.

M,wE Cwyp ifft M,wE Cpor M,wE C—op.
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Axiomatization CwS5

(TAUT)
(Kw-DIS)
(Kw-CON)
(Kw-T)
(WKw-5)
(Kw-¢)
(Cw-DIS)
(Cw-CON)
(Cw-¢)
(Cw-T)
(Cw-Ind)
(Cw-Mix)
(Kw-NEC)
(C-NEC)
(Kw-RE)
(Cw-RE)
(MP)

All instances of tautologies

Kwip — Kwi(p — 1) V Kwi(—¢ — X)
Kwi(x = ¢©) AN Kwi(=x = @) = Kw;p
Kwip A Kwi(p — ) Ao — Kwitp
—Kw;o — Kw;=Kw;p

Kwip < Kw;i—p

Cwp — Cw(p = ) V Cw(—p — x)
Cw(x — @) A Cw(—x — p) = Cwp
Cwp < Cw—p

Cwo A Cw(p — ) Ao — Cwip
Cw(p — Ewp) — (¢ — Cwyp)

Cwp — Ewp N EwCwep

from ¢ infer Kw;p

from ¢ infer Cwyp

from ¢ <> 9 infer Kw;p <> Kw;9

from ¢ <> 9 infer Cwyp < Cwp

from ¢ and ¢ — 9 infer ¥
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Completeness

The basic idea of the completeness proof:

CwS5 is not compact

weak completeness

construct finite canonical models

define finite closure for each ¢ x

The logic CwS5 is weakly complete with respect to S5.
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Expressivity of Cws

@ Focus on Cws := /\iJk e (Ewio N KwiKwip N KwiKwiKwip A - - )
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Expressivity of Cws

@ Focus on Cws := /\iJk e (Ewio N KwiKwip N KwiKwiKwip A - - )
e inter-‘knowing whether’

@ Compare the expressivity of Cws with C:

Cws pu=p|-p|(eAp)]|Kwip|Cwsp
C opu=p|l-p|l(eANp)|Kyp]|Cp
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Expressivity of Cws

@ Focus on Cws := /\iJk e (Ewio N KwiKwip N KwiKwiKwip A - - )
e inter-‘knowing whether’

@ Compare the expressivity of Cws with C:

Cws pu=p|-p|(eAp)]|Kwip|Cwsp
C opu=p|l-p|l(eANp)|Kyp]|Cp

Kwip = Kip V Ki—p CW5Q0 = Kwip A KWjKWigO AN

guess

Cw; can be expressed by C
No!
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Expressivity of Cws

Distinguish two series of models: M and N/
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Expressivity of Cws

Distinguish two series of models: M and N/
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to: p Zo - P o - p
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oo 1 P Zoo - TP Zor - P Ioo 1 p
fooo * P foo1 - P fooo : P Too1 - P
M, N,
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Expressivity of Cws

Distinguish two series of models: M and N/
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Expressivity of Cws

@ No C-formula can distinguish between M and N.
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Expressivity of Cws

@ No C-formula can distinguish between M and N.
@ Kw;Cwsp can distinguish between M and V.

Q Over K, Cws is not weaker in expressivity than C.

@ Over K, Cws and C are incomparable in expressivity.
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Conclusions

© Five possible notions of ‘commonly knowing whether’;
© On S5-frames four of the five notions boil down to the same thing;
© Soundness and weak completeness of CwS5 over S5-frames;

© Over I, Cws and C are incomparable in expressivity.
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