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o P(K) := (P(K),u,M,=,1,T, L) : The algebra of protoconcepts.
e H(K) := (H(K),,M,—, 1, T, L) : The algebra of semiconcepts.

e Forall x,y € P(K): x<y ifandonlyif xMy=xMNx and xUy=yUy.
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Double Boolean algebra [3]

Definition (2)

A double Boolean algebra (dBa) D := (D, U, MM, -, 4, T, L) is an abstract algebra which satisfies all the
following equations:

la. (xNx)My=xnMNy 1b. (xUx)Uy=xUy

2a.xﬂy:yﬂx 2b.xuy:yux

3a. xN(yNz)=(xMNy)MNz 3b. xU(yUz)=(xUy)Uz

4a. =(xMx) = —x 4b. J(xUx) =.x

5a. xM(xUy)=xMx 5b. xU (xMy) =xUx

6a. xN(yVvz)=(xMNy)V(xMz) 6b. xU(yAz)=(xUy)A(xUz)

Ta. xM(xVy)=xMx Tb. xU(xAy)=xUx

8a. ——(xMy)=xMNy 8b. Ju(xUy)=xUy
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Ta. xM(xVy)=xMx Tb. xU(xAy)=xUx

8a. ——(xMy)=xMNy 8b. Ju(xUy)=xUy

xVy:==(-xM-y), and x Ay :=5(uxUay), for all x,y € D.
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Double Boolean Algebra.

Continuation Of definition (2)
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10a. - L=TnNT 10b. .T=1ul
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Continuation Of definition (2)

9a. xM—-x= 1 Ob. xux=T
10a. - L=TnNT 10b. .T=1ul
1la. 0L =T 11b. =T =L

12, (xAx) U (xMx) = (xUx)M(xUx).

o A dBa D is called pure, if for all x € D either xMx = x or x LI x = x.

@ a relation C is defined on D as follows. For any x,y € D,
xCyifandonlyif xMy=xMNxand xUy =yUy.

e L is shown to be a quasi-order on D.
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For x € D,

@ x1:=xMx and Dn :={x € D | xn = x}.

e x, :=xUxand D, :={xe€ D | x, = x}.

Dr := (Dn,M,V,—, L,—1) is a Boolean algebra.

Dy = (Dy,U, A, 3, T,T) is a Boolean algebra.

@ The power set Boolean algebra of G is isomorphic to P(K)r.
o For A(C G), A — (A,A)).

The power set Boolean algebra of M is anti-isomorphic to B(K)..
o For B(C M) — (B, B).
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Ba — full complex algebra based on Kripke frame — Bao.

Prosenjit Howlader and Mohua Banerjee (IITK) Double Boolean Algebras with Operators March 7, 2021 8/17



Ba — full complex algebra based on Kripke frame — Bao.

dBa——-full complex algebra based on “Kripke context” —,dBao.
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Approximation Spaces [4]

@ Approximation space is introduced by Pawlak [1].
@ Approximation spaces: (W, E), where W is a set and E a binary relation on W.
@ Forxe W, E(x) :={y e W : xEy}.
@ The lower and upper approximations of any A(C W):
o Ap :={x € W such that E(x) C A}.
o A" = {x € W such that E(x) N A # 0}.

A= ((A9)5, A= ((A))-.
W=W.

W
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Kripke Context

@ J Saquer and J.S.Deogun [2] introduced the relations Ej, E> on the set G of objects and
the set M of properties of a given context K = (G, M, /), as follows.
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Kripke Context

@ J Saquer and J.S.Deogun [2] introduced the relations Ej, E> on the set G of objects and
the set M of properties of a given context K = (G, M, /), as follows.

o For g1,82 € G, g1E1g if and only if I(g1) = ().

o For my,my € M, myE;m, if and only if I=1(my) = I71(my).

Definition

A Kripke context based on a context K := (G, M, 1) is a triple KC := ((G, R), (M, S), 1),
where R, S are relations on G and M respectively.
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Kripke Context

@ J Saquer and J.S.Deogun [2] introduced the relations Ej, E> on the set G of objects and
the set M of properties of a given context K = (G, M, /), as follows.

o For g1,82 € G, g1E1g if and only if I(g1) = ().

o For my,my € M, myE;m, if and only if I=1(my) = I71(my).

Definition

A Kripke context based on a context K := (G, M, 1) is a triple KC := ((G, R), (M, S), 1),
where R, S are relations on G and M respectively.

@ The Kripke context based on K, KC := ((G, E1), (M, Ex), 1),
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Motivation for Double Boolean Algebra with Operators

o KC = ((G,R),(M,S),1), K= (G,M,I).

Prosenjit Howlader and Mohua Banerjee (IITK) Double Boolean Algebras with Operators March 7, 2021 11/17



Motivation for Double Boolean Algebra with Operators

o KC = ((G,R),(M,S),1), K= (G,M,I).

o For the Kripke frame (G, R),

Prosenjit Howlader and Mohua Banerjee (IITK) Double Boolean Algebras with Operators March 7, 2021 11/17



Motivation for Double Boolean Algebra with Operators

o KC= ((G7 R),(M,S),/), K= (G>M7 I)-
o For the Kripke frame (G, R),

o —r:P(G) = P(G) defined as —r(A) := Ag for all A€ P(G).

Prosenjit Howlader and Mohua Banerjee (IITK) Double Boolean Algebras with Operators March 7, 2021 11/17



Motivation for Double Boolean Algebra with Operators

e KC=((G,R),(M,S), 1), K= (G, M,I).
o For the Kripke frame (G, R),
o —r:P(G) = P(G) defined as —g(A) := Ag for all A€ P(G).

e (P(G),Nn,U,,G,0,—r) is a Boolean algebra with operators.

Prosenjit Howlader and Mohua Banerjee (IITK) Double Boolean Algebras with Operators March 7, 2021 11/17



Motivation for Double Boolean Algebra with Operators

e KC=((G,R),(M,S), 1), K= (G, M,I).
o For the Kripke frame (G, R),
o —r:P(G) = P(G) defined as —g(A) := A, for all A€ P(G).
o (P(G),N,US,G,0,—r) is a Boolean algebra with operators.

e For the Kripke frame (M, S),

Prosenjit Howlader and Mohua Banerjee (IITK) Double Boolean Algebras with Operators March 7, 2021 11/17



Motivation for Double Boolean Algebra with Operators

e KC=((G,R),(M,S), 1), K= (G, M,I).
o For the Kripke frame (G, R),
o —r:P(G) = P(G) defined as —r(A) := Ay for all A € P(G).
o (P(G),N,US,G,0,—r) is a Boolean algebra with operators.
e For the Kripke frame (M, S),
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Motivation for Double Boolean Algebra with Operators

e KC=((G,R),(M,S), 1), K= (G, M,I).

o For the Kripke frame (G, R),
o —r:P(G) = P(G) defined as —r(A) := Ay, for all A€ P(G).
o (P(G),N, U<, G,0, —r) is a Boolean algebra with operators.

o For the Kripke frame (M, S),
o —s:P(M) — P(M) defined by —u(B) := Bs for all B € P(M).
o (P(M),N,US, M, 0, —,) is a Boolean algebra with operators.

o f:P(G) — P(K)n given by f(A) := (A, A') for all Ac P(G).

o g:P(M)— PB(K), given by g(B) := (B’, B) for all B € P(M).
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@ Based on the relations R and S, unary operators fg, fs on the set B(K) are defined as
follows. For any (A, B) € B(K),
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@ Based on the relations R and S, unary operators fg, fs on the set B(K) are defined as
follows. For any (A, B) € B(K),

o fr((A, B)) := (A, (Ar)"),

o 5((A,B)) := ((Bs)', Bs)-

@ The operators, dual to fg, fs.

o f2(x) = ~fa(~x) = (A", (A")).
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@ Based on the relations R and S, unary operators fg, fs on the set B(K) are defined as
follows. For any (A, B) € B(K),

o fr((A, B)) := (A, (Ar)"),

o 5((A,B)) := ((Bs)', Bs)-

@ The operators, dual to fg, fs.

o f2(x) = ~fa(~x) = (A", (A")).

o f2(x) i=ufs(ux) = (B~ B").
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A double Boolean algebra with operators (dBao) is a structure O := (D, U, M, =, 4, T, L, [, C)
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Double Boolean Algebra with Operators

A double Boolean algebra with operators (dBao) is a structure O := (D,U,M,—, 5, T, L, [, C)
such that
e (D,U,M,—,4,T,1)is adBa.
@ /, C are monotonic operators on D such that for all x,y € D the following are satisfied.
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Double Boolean Algebra with Operators

A double Boolean algebra with operators (dBao) is a structure O := (D, U, M, =, 4, T, L, [, C)
such that
e (D,U,M,—,4,T,1)is adBa.

@ /, C are monotonic operators on D such that for all x,y € D the following are satisfied.

la I(xMy)=1(x)11(y) b C(xUy)=C(x)U C(y)
2a I(-L)=-1 2b C(UT)=uT
3a I(xMx) = I(x) 3b C(xUx) = C(x) |

@ Any Boolean algebra with operator(Bao) is a dBao.
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Example of a dBao

Let KC := ((G, R), (M,
Then §+ (KC) := (3(

S), 1) be a Kripke context based on the context K := (G, M, /).
), U, M, =, 0, T, L, fr, fs) is a dBao.
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, 1) be a Kripke context based on the context K := (G, M, ).
LI, T, =, 1, Ta J—y fR, fS) is a dBao.

S)
);

o We call P*(KC) the full complex algebra of the Kripke context KC.
o Any subalgebra of PT(KC) is called a complex algebra of KC.

@ The definitions of fg, fs could also be given on the set (K) of semiconcepts.
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Example of a dBao

Let KC := ((G, R),(M,S), 1) be a Kripke context based on the context K := (G, M, /).
Then ?J’(]K(C) = (P(K),U,M, =, 5, T, L, g, fs) is a dBao.

o We call P*(KC) the full complex algebra of the Kripke context KC.
o Any subalgebra of PT(KC) is called a complex algebra of KC.
@ The definitions of fg, fs could also be given on the set (K) of semiconcepts.

e H1(KC) is an example of a pure dBao (a dBao based on a pure dBa).
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Future Work

@ Representation results related to dBao and pure dBao.

Prosenjit Howlader and Mohua Banerjee (IITK) Double Boolean Algebras with Operators March 7, 2021 15 /17



Future Work

@ Representation results related to dBao and pure dBao.

@ Modal systems corresponding to dBao and pure dBao can be formulated.

Prosenjit Howlader and Mohua Banerjee (IITK) Double Boolean Algebras with Operators March 7, 2021 15 /17



@ Representation results related to dBao and pure dBao.
@ Modal systems corresponding to dBao and pure dBao can be formulated.

@ The algebraic semantics and a semantics based on the class of Kripke contexts.
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