
Lecture 10
-

Let to be a set of formulas ,
and a

be a formula in CPL .
We define

MF q (remantic consequence relation)

and Nt & (deductive consequence
relation

as earlier

Soundness the ore m

If N to then NFG

We have already
discussed the proof

procedure for soundness theorem .
So,

once we show that the anious are valid

and the reles preserve consequence ,
we

are done.

2 But
,
we do not know what these

iniou and makes are .
We now focus

on the proof of completeness theorem



(If MFG then Mtg) to find them.

* Let no find none valid formula
and some rules that preserve consequence.

- q + 9

- (14) + q 3 valid formules

- a + (qV4)

& VT ,
29VX

- NVI

-
wls preserving consequence

Completenes Theorem

If MFg then Pre

How to prove this result ?

We explore some properties of F and



try to see whether we can frome such properties

fa t

Property 1 : If MFG and PCM
,
then ↑E&

We want to show ! If Nt9 and TCT'
,
the

↑ -p . It follows from the definition of t

Property 2
:

[Q ,
.... Qu FY iff F(Q ,

1 --- 192) + 4.
-

In other words , MUS93 FY iff PEG-Y-

Let no now try to show ! ↑US3tY iff Ptp+y.

(Deduction Theorem)

Proof : (f-part) Suppose M & G + 4. To

from MUS93 +4

Noo
,
MUS9] 19 (Premise)

2 . p + 4 (Assumption]

Let us no consider the rule
: 99 + 4]

We tem this rule as Modus Powers (M .
P.)



3 . 4 (M . P
.

1
, 2)

This completes the proof of the if-part

Conly - if Kant) het MUS354 ·
To brave

that Mtg-4 - We brove this by

applying induction on the length of a

drivation/proof of 4 for MUSG]

Bare Case : (n = 1) : Then 4
is

a

member of MUSg3 on the is an arious
.

Case L : 4 =

&

Then
,
we have to show M+p - &.

[Let i conside an asion : 9 + 97

We have +p + &

Car 2 : NEM

Then
,
we have to show P-g + 4.

Since Per
,
we have + 1 . 4



Clet no consider an anion : 4 + (p + 4)]

Then ,
we

have the following drivation

ofa 4 from M.

↑ + 1 . 4 (Premise)
2 . 4 + (q + 4) (Anion)

3 - 4 (M . P . 1 ,2)

Case 3 : P is an anions

To show M & & + 0.

We have the same derivation as above

M + 1 . 4 (Amon)
2 . 4 + (p + 4) (Amom)

3 . q -Y (M . p .
1 ,2)

So
,
we are

done with the base case.

Toprove the base cases
,
we consider !

Anion ((@ + +2) @ + (4 + q)

Rule-4



I . H: Suppose the result holds for all

derivations of length <m

E .

S. Suppose the length of the derivation of

↑ from MVSP3 is +h . Then
, by the

definition of ↓ , N
is either an arious

on, a
member of MUSG3 or

,
obtained

by none application of some rule .

We

have already dealt with the first two

possibilities. For the third possibility,
we assume that I is obtained by
an application of M . P

. (Why? Because

M
.
P

.

is the only rule
that we have

considered till now.) ·

Since I is

obtained by M . P
.,
thereenest is and

I in the derivation of ↓ from FUE)
st. It is of the form Y : -4 .

Then,

we have MUS93 / Y : and MUS93 Y : - ↑.



Then
, by I .

H
.,
we have :

↑+ p + Ti
and Ne + ( :+4)

To show : ↑ + g +4

we have! & & - Y :

9 + ( : + 4)

Thet no now consider an asion :

(q + (y + x)) . + (( + y) + (q +x))]
He now have the following drivation of

4 + 4 from M

↑ 1 p + 4 : (t . H.)

2
. 4 + (4 : + 4) (I .M . )

3
. (4 + (4i + 4)) + ((p + 4i) + (p + y)) (Arion)

4 . (+ Y : ) + (4 +4) (M .P
.

2
,3)

5 . 9 + Y (M . P . (4)

This complete the broof of Deduction Theorem.



Property 3 . [4 , 793 #4 , for any 4.

To show 19 , 793 +Y

Now
, 19 , 193 + 1

. & (Premises
2

. 79 (Premise)

3. p + (4 + 4) (Anion)

4 . 74 + & (M . P
.

1
, 3)

5. 74 + (p + 19) (Anion)
6 . 74 + 74 (M . P

.

2
, 5)

[et no consider an ariom :

(7y + q) + ((4 + 19) + 4)]
7

. (4+ 9) + ((4+ 19) + 4) (Arion)
0

. (4 + 19)+ ↑ (M . P .

4 ,7)

9 . 4 (M .
P

.

6
, 8)

This complete the proof of 99179344.



Let us
now note that we can derive

g + p from the following accious,

using M . P ..

()p + (y + 4)

()(4 + (4 + 4)) + ((p + y) + (q + x))

H .

W .
Find much a derivation of 9 + 9.

So
,
we

have the following collection

of anious
and rule till now :

Aniams :

2. p + (4 + 9)
2

. (4 + ( +x)) + ((e + 4)+(
+x)

3
. (2a + 4) -> (Gq + 2) + q)
Rule :

ga + 4 (M .

P
.)

Y


