
Lecture 13

Complete asiomatization of FOL

FOL Syntan :

Parameters : (C ,
F

,
P) ,

Variables : V

Term : tef : = c CxEVI--th.
Formulas : 9 .4 EF := tell Petite-ta (14)
qvy/eai9 + 4/94/ng1Jag.

We would define PtQ in FOL s .

t.

Sounders : If MG ,
then NEG .

Completenes : If PFG ,
then It &

As before ,
the idea is to propose some

acious and rules to define t .
Them,

to show soundness ,
it is enough to



show that the anious are valid and the

whe preserve consequence .
Then

,
we get

soundness by applying induction on the

length of a proof of 4 from M . For

completeness ,
we also proceed as before,

that is we assume that MHG and

show that #4

What are the steps ?

Step 1 : We introduce the notion of

consistency : A set of format is sand

to be inconsistent if there is a formal
& o . t . MEG and Pt7g · ↑ i

consistent if it is not inconsistent.

Stef 2 :

MHq off MV579] is consistent.

Step 3 : Every consistent out of formulas
in satisfiable

We concentrate on Growing Stef 3.



How do we show Step 3 ?
Step 1 : Extend a consistent set ↑ to

a consistent
, complete and witness-fulfilled

set D of formulas
Step 2 : Define a

model My based on D.

Sif 3 : Prove the truth Lemma : for al

formulas & ,
Mr Fg iff get

Then
,
we would have thatD is ratifiable

and hence
.

Mis . Thus we would find
the completeness proof

Before we move

forward ,
we introduce the motions of

substitution and substitutability , which

are integral to the proof of complete.

wess that we would deal with in the

following



Substitution

Jumo : Let t and the two terms and

i be a variable .

We write tht/n] for
treplacing i in the term t

- u(t() = t

- y(t() =

y , y +
x

-

c[( ] = c

- fit . --- Em [t] = fit[t] --- tr[tY]
Formulas : Let of be a formula ,

I he

a term
,
se be a variable .

We write G(4/]
for in replaced by t ina
- (ti = +j) [/]

= ti[n] = t ; [*]
- pR(t-tm)[Yn] = pht ,[] --- tr[t/n]
- (4)(/] = <(4())
- (Vx)[*] = [* ] VX[*]



- (N*x)[Y] = ↑ [* ] &x[*m]

· (y + X)[Y]= [
* ] +> X[n]

· ((X)[* ] = 4(4/])X(* ]

- (Vnn)(* ] = Buy

- (Fyi)[] = Vy((Yn])
,
y m

- zu4[] = Jn4
· (5y4)[* ] = Jy(4[*]) ,

y +m

Example

2 . (m = y)(Y/] = ( = y)
2 . (n = y)(Y/y] = (x = x)
3 . Fu(u = y)(f() = Vu(u = y)
4 . Vn(a = y) (u/) = (n(x = x)

When are such substituted formulas satifiable
in a model ?

M : model to : famula t : tur Y) :
realestituted
formula



When should we

say
: MFY[/ ] ?

MF +/] off Ma-et> Fy ,
M = ( , [ , y).

Would this always hold ?

9 : (u(z(x = y))

q(/] : Jn(7(n = n))

As we can see , o is ratifiable ,
but

g[y] is not .

So
,
the answer to the above

question in NO

When should it hold ,
or when can we

substitute a variable with a term in a formula?

Sub sti te lability
A term t is said to be substitutable

for a variable i
in a formula o when the

following conditions hold :



·

o
is atonne : t will alway be substitutable

&

fan ung

-of is 24 : t is substitutable for i in 4.

-

o
is NVX : t is sub. for s in 4 and this

rub , for a in X

-

o
in Yax : 11

- o is 4 -X : I

- o
is 47X : II

-

o in Fyt : x does not occu free in I

OR

y
doe not appear in the turn

- andI is substitutable for

i in 4

-

p
is Jyp : 1)

This completes the definition of substitutability
of a variable ly a

term in a formula

What remain to be done is to prove the

following proposition :



Proposition : Let o be a formula ,
se be a variable

the a term ,
andM be a model . Suppose

&

t is substitutable for a un p. . Then,

MEq[* ] iff M(n + y()]
#4 ,

M = ( , I , y) .

HW. Prove this proposition.

Let me now get back to the proof of Slip s ;
that is every comis tent sett of FOL formats

&

has a
model

, that is we
need to construct

a
model (D ,

I
, y) s .

t . (D , I , y) FM .
Now,

from CPL'we already know that
. M

can
be enlinded to a

consistent and

which is in fact
completewt,Duea nd to find a

model Mr = (Po ,
Fo

, yo) st . MoFa
iff PEN . In the went class we

will try to find this My and explore

what witness-fulfilled ness is in this regard.


