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Classical Propositional Logic
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We will use the following abbreviation:

↳ followed by n I's is denoted by Pr

Let 8 denote a countable . Set

of there propositional variables pro

Language (4) :

4 ,4 := ba /79) exil qVy19 +/94N
,

where but P.

Example : 2 is even
: 9

Z is kime : i

-

Zis even
and prime : PAT



Model :

V : O + 10 , 13 ,

a function from the

ot of propositional variables
to 20 , 13.

I 3

We term this V as a valuation.

Any V : 8 -30 , 13 can be uniquely
extended to V'. 2 - 30 , 13.
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Example :

Consider a valuation V
,
s .

t.

V(b1) = 1 ,
V(k2) = 0

,
V(P0) = 1 .

Then
, VC(V6s) + P2) = 0

V'(2b . VP3) + P2) = 0

V((( + Pb) + Pz) = 0

Since V can be uniquely extended

ti V' , we will denote
VI by V.

Let t me a set of formulas and 9

be a formula in classical propositional

logic We define PFQ (remantic

consequence relation) and PFG (deductive

Consequence relation) as earlier .



Soundness theorem
.

If N + 9 then NEG .

We have already discussed the proof
proceduce for soundness theorem

So
,
once we show that the arious

are valid and the rules preserve

consequence ,

we are done.

But
,
we do not know what there

<
&

amoun and rules are - We now focus

on the proof of completeness theorem

to find them.

Let's find some valid formulas
and some ruls that preserve consequence.

- q - & valid
- (914) -> q 3 formular
-

q + (qVN)



- 4 - &gVX]
N

Completenes Theorem

If MF4 then Ptc

How to prove the theorem ?

We explore some properties of F and

try to see
whether we can prove such

properties for +.

Property 2 : If MEG and NIN' the N'EG

We want to show : If Mt4 and MEM's

them M'FQ :
It follows from the

&

definition of t

Property 2 : 39. , 42-- - 42] FTU
iff

F(4.N9uN -.. &2) -> Y



In other words we have :

MUS9]FM off N F9 +4

Let us now try to shor :

MUS93 +↑ if) N + 9
+Y

(Deduction Theorem)

Proof : (if-bat) Suppor ↑ + 4 +Y

To prove that TUE93 +↑

Now
, MUS9] + 1 . 4 (Premise

2. 4 - it (Ansumption)
3 . M (by M .

P
.
on 1,

Let us consider the rule ↑
↑

which we tim as Modes Poneo]
(M .P .)

This complete the proof of if-part

Conly- if part) Let MV3937N



We have to show that MHQ +N

proor this by applying induction on

the length of a derivation/proof of
It from MUE4] -

Base Case : n = 1 .
Then it is either a

member of MV34] on it is an aio
.

Cased . 4 =9

Then
,
we have to show H + 4 -9 -

[het us
consider an arom 9 + 4]

We have : ↑ 9 -4
-

Case 2 YEM

We have to shou M + 9 +N

Since YEN
,
we have MF4

-

Ket us conside an accom

N+ (q +N)]
Then

,
we

have the following



drivation of 0 + ↑ from M :

↑ 1
. ↑ (Premise)
2

. ↑ + (9 +N) (Anion)
3

. 9 + N (M . P . on
1
,
2) .

Case 3 . ↑ is an armour

To show M + G +N

He have MH 1 . ↑ (Anion)
2

. 4+ (q + N)
(Anom)

3. 9 + N CM .
P

.

on 1 , 2)

We are done with the bases cases

So
,
to prove the base cases ot conside

arious : (1) 9 -4

(2) 4 + (4 + 9) ,

and

me :

A [M . P . ) .


