
Lecture 14
As we mentioned in the last class

,
we

have a model set D
, say

. We need

to find a model Mo = (Do , Fo , Yp) st
MoF & if ge .

Now
, suppose that we have

Mo (by magic , say) .

To prove 'MoFpiff PE,
we apply induction on

the size of Q.

Base case : () q : = t , etz

(2) : = put ... In

Induction Hypothesis : Suppose the result holds

for all formulas of size <m .

Induction Step : Consider o to be of size
m + 1 . Then we have the following case :

() := 74()9 := NVX, MAX , NeX ,NotX

2) : = Yay
, Jay

Let us now suppose that the result for the



base cases hold . Let us now consider the

induction slip cases

(1) 9 : = 74 . [Motgif ge -]
&

More iff MoFLY if MY of

NEX if LED if get

2) != YUX [MoEq if (b]

MoFG if Mo #NVX iff MoFY or MoFX

iff new on XED of NUXED if &E.

(Similarly ,
the proofs for the case MNX ,↑+X, *-X)

For proving we need the CPL arious and rule

Axiom and rele set (1)

Alq + ( + 9)

A2 . (4 -> (Y + X)) + ((a + 4)
+ (+x)

As
.
(q + y) + (Gq + (4)

+ q)

aq + 4RI.
Y

We still need to show the base cases and

Induction Step (Case 3)



Let us more on to the base cases :

&

9 := etc ;
:= pit-- - In

What is Mr
,
i

.

e
.,

what are Do
, If , Go ?

Let no define Do = St it is a turns

Define Is as follows :

Io(e) = c for all -C

Fo (f) : D + Do : for

to (b) [ D%: (t - tu)EEs(b) off pit-the
.

Define Yo : V - Do : Yo(x) = x

Now
,
we need to extendGo to get the

values for all terms in the language
We have :

Proposition : Go(t) = + for all terms t
H .

W
.

Prove this proposition.

-

So
,

we have Mr = (Do , Fo , Go)
We need to show Mr FG iff GEX .



Base Cases : (1) ti = +z

(2) pite---to

Let us first lig to prove 2)

We want to prove :

MoF bit ... In off pat---trEt

We have : MoEpit---to
&

of (Yc(t) ,
= -- Yo(tu) E Fo(t)

iff (t, --- , tr) E (b)

iff pit . .... t Ed

This completes the proof of (2) .

Let me

now more on to Base case (1)

To prove : MyFtEtz off t = EzEL.

Now
,

MoFt . = tz if Go(t) = Go (t)

iff t .Etz .

(= t , say)

iff t , = trED ??

(in language of arithmetic :



but there
* 1 = 1

,

2 = 2......

is no way
to equate 2t1 and 3)

Let's go back to our domain of definition.

We had Do
= Stit is a term]

net us define a relation = on I as

follows : t its iff : EtED .

- is an equivalence relation.
1

Proof . (1) We have to show that s

reflexive ,
i

.
e
,
t = -Ed for all timst.

[Aniom ! -Et , for all
turnst

We have ↓ tEt ,
and hence

t = -EX · (as +q implies & + & implies

& EX ,

as D is consistent and complete).

Y(2) Anion ! (t = +2) + (trEt)

(3) Anion : (tEte) + (EzEts)
+EEt)

So
,
we have t is an equivalence

relation . We can define the equivalence



classes ,
and we have a new domain,

D' = 59t) : t is a termly ,

where It] denotes

the equivalence class of to Now
,
we

I

have to define Is as follows :

I'(e) = [e]

Io(f) : D* -> Do : (i) ([t] ,

---

. [tu])
=(fit s ---th]

Is(b) &D!
"

: (E)
,

...

. [n]) E I's(p?)
iff

fit--- - ty EG.

Here
,
we need to check that Is(f) and

I' (b) are well-defined

- I'(f?) is well-defined

Let t , --- , th , ti ,

--

-,
to be time: sit.

tit ,, -

..., to th ,
that is , tEtEd , -- -

--

,
thEtn'ED . To show that fit- --th

= fit- .. the



[Anion : (tEtin---AtuEtu) -> Eti-th
= fiti--t)]

With this asiom we have our well-defined

ness of I'(f) ,
as before .

- I'(b? ) is well-defined.

H .
W . Prove the statement above

Finally ,

let us define p : V - D' as

follows : Y'(m) = (2)

As earlier we can show the following :

Proposition : G'(t) = [t] for all tums te].

HW. Prove the proposition

Let us go
back to the proof of the

mainResult : Most o iff GED , for all of
v

Base case : 0 t .Etc : MiFtEtz if

G'(t) = yj(t2) if [ti] = Etz]off t tr

if +
= tzeX

② pit---tn : MoF but , -- - In



if (Y(t) .

---

, Y (tu)) Eld (b) if

([t] ,

- - -

, [tr)) E (b) iff pit---the
So

,
we are done with the base cases.

Now , by our previous arguments ,

we

are also done for the formulas 74
/

↑X
, ↑X , 4

+ X
,
YX . Thus

, if

we only can side atomic formulas and

their Boolean combinations ,
which we

tim as
,
zeroth order logic ,

then

we have the completenes theorem

for this logic

Now , let us consider the quantified

formulas , Fut and Fur .

We will

be done if we can show :

My # Va4 if Yay E

Mr F Jay if JayE
~


