
Lecture 15

Before movin forward with the quantified
I

formula case ,
let us recepitulate the amous

we have used till now.

Axiom and rele set (1)

Alq + ( + 9)

A2 . (4 -> (Y + X)) + ((a + 4) + (+x)

As
.
(q + y) + (Gq + (4) + q)

aq + 4
RI.

Y

Aniam and and net (2) [Equality aniou]

A4
.

t = t

A5 . ( = +c) -> (t = +)

As . (ti =tz) + (Ctr = ts) -> (t = ty)

At ((tEt ,) n --- (tu
= th) -> Citi : th = fiti--th)

As ((tEti) n --- (tr= th) + (pit---the --th)



Rather then having all there equality anious

we can consider the following :

Anion and rule set (2) [Alternate

(A) t = +

(5') (t = +1) -> (e + q') ,

where a is obtained

by replacing
some

occurences of to by t

and some occurences of t by t

H .W. Use (AS) and (A5) to drive (AG)-(A8).

Let us now get back to the proof of the

main result .

We have to show :

MsFYuy iff Yay ED -

Due to the construction of Mo ,
it is

enough to show that

(a) it UngE8 ,
then qL]ED for all

terms t

(b) if In GE4 ,

then 414n] -4 for some

term t



Towards getting (a) ,
we consider the following:

Anion : VnG- > &[*n] ,

t is substitute

He for n in
q

Towards getting (b) we introduce themotion

of witnes-fulfilledness

Witnes-fulfilled set of formular

A set of formulas & is said to be

witnes fulfilled if for every formula of

the form Eug , if Eng EX , then (t]E

for some tur t

Proposition : Any consistent , complete set of

formulas ↑ can
be extended to a consistent,

complete , witness-fulfilled set of formulas.

Proof : We first note that a constant symbol
I not occuring ino can always be sud-

stitutable for m ing .

We use this idea below.

We expand our language ↓ with a countable



set of new constant symbols ,
D

, say
where D : Ed , dr ,

.... 3. L : (C,
F, 0) ;

L : (CUD ,
F

, P) .

Let us enumerate formals

of2 : Bo , B , B-
----

Let Do = ↑ (consistent and complete) .
Kindenbaum construction (

We constinct Dr ,

Dr
, ...., Dr ,

-.... as follows :

If Bm =Sug ,
then

Dr+=
-vU 932g , q[]} ,

where d is the heart

indued constant symbol not occuring
in Dr ,

and the whole set is

consistentI
Im

,

otherwise ↑

else,

Dr+=
On UESm3 ,

if t is consistent

S Om ,

other wine

We have

r = -. D , EXE
-.....

Let D = 0 On
n0



Claim
:

O is consistent
, complete and witness

fulfilled

To prove the clam it is enough to show

the following :

Proposition : Let t be a consistent and complete

let of formulas and JaGEP . Let c be a

constant symbol not occuring
in M .

Than
,

↑ US9[Y]] is consistent.

Proof : Suppose MV9[Y]] is inconsistent

Then , Pr79[*] ·

Since a does not

occan in M
,

we have & Fx1Q

[Assume the following : if NTN[4],
↑

where I does not occur in I or 4 . Then,

NFFRY (Generalisation of constants)]

Since M & Fn79 ,
Yu 19ET

,
a

contradiction to the consistency of M.

as JnGEN . Hence we have our result

-basically, complete the proof ofThis
#

the proposi hou



HW. Finish the proof in details
&

asuming
the 'Generalization of constants

result

Let us now make an observation regarding
S

adding witnesses'. To take care of the

we used the idea of 'adding new

constant symbols' ,
which is family

known as the 'Godel trick's expand the

language I to with new constant

symbol and add them as intresses

We note that this makes us deal with

the expanded language ,

and whate our

proof we have henceforth will be in

the unpanded langenage ·

We could

do this and later get back to the

language we started with

Observation : There is no need to

expand the language. New variable



just work as well as the constant

symbols
What do we do ?

- The set of variables in given by
V =(x ,

an
,

-. .
- 3 .

&

- In the given
consistent set ↑ that we

start with , replace every
variable his

Now
,
all the odd-indeed

by M2i

vairables are
unused

now .

-We show that the new set of formulas
them formed , say N ,

is consistent as

well.

- In the Lindenbaum construction,

whenever we come across a formula of
the form Jug,

we add q [/n] ,

where

y
is the least unused variable

- We need to prov that [Y/] can be

added consistently : this can be shown

by an analogous proposition to the one above.



What we
discussed above suggests ↑

proving the following proposition ,
which

is a version of the generalization of
the constants result.

· Let T be a consistent set of formula,

I be a formula anda be a variable

such that the variable y
does not occur

in M on 9 . Then , if Nr4[E/] them

↑ t Yug -

To prove
the result above

,
we first need

to show the following !

Alphabetic equivalence proposition ! Let

& be a formula ,
i be a variable

,
t

be a term . Then ,
there exists a fame

I' much that tp 75 % and t is

substitutable for x in q'
We will continue with the proof in the next class.


