
Lecture 17
SAT PROBLEM

Given
any formula & ,

does ther

exist a model that ratisfies & ?

CPL : The SAT problem is decidable.

FOL : The SAT problem is
undecilable

EXPRESSIVITY

FOL is way
more expressive than CPL.

A LOGIC IN BETWEEN CPL and FOL

We now introduce a logic ,

termed

as Propositional Modal Logic (PML),
whose SAT problem is decidable,

and it can express a large clas

of mathematical structures.

Propositional Modal Logic (PML)



Syntan :

Fix a
countable set of atomic prop-

ositions P = Sp -, p2 . --- Y

9 . 4 : = 1 (T/b/29/9v4/pay( + 4)

944/59/39
One can

consider formulas of the form

DDg ,
D$9

,
DD9 , DX9,

--

Semantics :

There are
various way to provide

semanties to modal formulas

↑ Topological semanties .

Neighborhood semantic

↑ Algebraic semantics

↑ Co-algebraic semantic

↑ Kripke semantics.



[ripke) Frame :

A frame is a pain F = (W , R) ,

where

W is a a non-empty set ,

and RCWXW

is a binary relation.

(Kripke) Model :

A model is a pain M = (F , V)
,

when

P

F = (W , V) is a frame and V : W-> 2

in a
valuation function

·
We refer to Was a set of (possible)
worlds &

⑨
When peV(o) ,

we say thatp hold

at no in M ;
otherwise p is fale

at w in M.

· Given a model M
,
and a world

1 in M
,
(M , w) is termed as a

pointed model .



Truth definitions :

&

The notion o holds
at the world w

in the model M' ,
denoted by M, wFG

in defined inductively as follows :

M ,
w

F I
,
never

-M
,
w FT ,

always
- M

,

w FP iffpeV(w)
- M ,

w Fig iff M
,
WHY

- M
,
F qVY if M , WFG &

,
M

,
wEY

- M
,
n FGNY iff M

, WFG and
,

M
,
WEY

- M ,
wFG- Y iff M

, wEp implies M , w #Y

-

M
,
w 91) ↑ iff M , wEg iff M

,
wFY

- M , WF Do iff for all w'EW
with wRw',

S

M
,
w'Eq

-

M
,
nF Do iff there exists 'EW such that

wR wo' and M ,
/F P .

*& is satifiable if there is a model

M = (W , R ,
V) and some wEW ,

ot.



M , wF q

↑ & is valid iff its negation is not

patisfiable

Examples
↳ w

, M = (w ,
R
,
v)

W = Gre , Wa , Wa ,
wa

, wa]

quwag +
wa R = S(w ,12) ,

Lo ,, was ,

102,Ws) , (Ws , Wh) ,
(ws

,

los),
S
-
· L

↓
⑳

(00 , Wy) , (Wa ,
Wa) 3

wa wg

q , 2 0 , q

M,F qn v ;
M
,
wo FDq ;

M
,
WE Dr

M
,
#Dr ; M ,

w
, FDDq ;

M
,
w
,
FBr

· Note that I-formulas are always sat.

infiable in states no where 20 : (0 ,W -R]

is empty

Example of valid formulas

-

B(PVLP) :
Valid.



- TP V B7p : Not valid. ·W

p

- B2q + 7 Dq .

3- G(any) + (Dq(y) H .

W.

- (q(4) -> b(gy)

Defining worlds in a model.

·W M
,
wyF D +

24 -
M

,
wsFDD NDD+

①

w2
·

wz

M,2 FDBLNDGT
-L

w4 M
,

w
, F b(DD+ 1 TD +)

A world in a model M is said to be

definable in PML if there is
a formula

of r .
t . M

,
wF & and M , w'9 for

all we Wi \qw]



From definability to (in) distinguishability.

M : · wi

In it possible to distingu
w ish we and wo by PML

form las ?
-L
·

wa

H .

W. Show that (M ,
n.) and (M ,ws) satisfy

the same
model formular. ↑

Till now we were considering world/rilates
ofthe same model

.
Let us now consider

the notion of distinguishing was of

different models

W
, op

v
, op

Mi N :
1. Uz

U2 p q
wap

q
q



Can
you distinguish

the states ,
in M

-

ando
,
in of

,

that is
,
can

you distinguish

between the pointed model (M ,

0
, ) and

(N,
U
. ) by a model formula ?

[Assume here that I is not in your

language)

DXq distinguishes (M ,
w

.) and (NW);
as it holds at n , but not at ve ,

& WA DD1q would ado work as a

dis tinguis hung formula

What about (M, w .) and (N,
v
.) now ?

W
, op

v
, op

Mi N :
1. Uz

V q
wap ↳

q
q



Actually ,

no modal formulas can

distinguish between (M , 2.) and (N,
v .).

How do we prove this ?

To find a better
way

to prove

such results
,

we now introduce the

following concepts.

Modal equivalence
Two pointed models (M , w) and (v)

are
said to be modally equivalent

if for all
model formulas o, M , WFC

if N,
v #G ,

that is
, they satisfy

the

same
model formuls

Can we being out a notion of invariance
between the pointed model so as to

capture the notion of moal equivalence

given above ?


