
Lecture 18
Bisimulation

Let M .: (W ,

R
,
V
,) and Mr : (Wa , Re ,

V) be

two models .

Let w
,
CW , and we tWe

We say
that (Mr , w .) is lisimilar to

(Mu
,
wa) ((Mi, .) = (M2

, wa)) if there is
a binary relation ECW ,

XW2 such that

0
,
Zw
,
and for all ut Wi , ye

We
,

if Zy,
then !

1.
Atomic harmony : for all propositional

variables pEP ,
nEV(b) if yeVz(b).

2
. Zig :if Ric ,

then there exists

y't We such that y Re y'
anda'Zy'.

3
. Zag : if yRzy' ,

then there exists

i'EW
,
such that a R , n' and n'Zy' .
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A final example :

- i
us p

iVj p

Invariance Lemma

For two pointed model (M, s) and (N,t),

if (M ,
s) = (N,

t)
,

then they satisfy
the

same model formulas .

Proof : Let (M
,
5) = (N.

t)
.

To show that

(M ,
s) #q iff (N,t) Eg for

all model

formulas o
.

We prove this by applying
induction on

the size of

Base Case : Let G :: p .
Then the result holds

by
the atomic harmony condition
.



Induction Hypothesis : Suppose the result
&

holds for all formulas of page
m

Induction Stef : Let the size ofo be +.

Garl : 9 := 24 .

M
,
SF14 if MS #Y

iff Nt#4 (by I .H . ) iff (N, t) F24

Case 2 : G := MVX .

Follows similarly

Caree : 9= Dy · Suppose M
, SEX4.

Then ,
there is s such that

sPrs'

and M
,
S'FY

.

Now , by the zig-coud-
ition

,
since (M , s) = ( , t) ,

there is t

in N such that -Put and (M , s')

= (N,

+)· Then , by I . H., NotE 4 . Th,

Nit E D4 ·

So
, if M ,

SF 4 thenNtE

34 . The other direction can be shown

similarly using zag
- condition.

This completes the proof A
.

H .
W. Show that DG7D7q is a valid

formula :



What about the converse ?

If two pointed models (M, s) and (Nt)

ratisfy the came modal formular,

are they bisimilar ?

No ! &

8

Mi - ......n

H .
W .

Prove that (M , s) and (Nit) are modely

equivalent but an
not bisimilar.

Modal depth of a formula :

Given a modal formula I the
modal

defth of G (md(d) is defined indue

tively as follows :

und (b) = 0
;
und (4) = und (er) ;

und (gry) = md(qnY) = md(4 + 4)
= md(q7))

= man [ind (6) ,
und (4) 3

und (Dq) = und (Dq) = und(a) +1



So we see that the converse result

(modal equivalence implies bisimulation)

may
not always hold.

Can we find arestricted class of
models where the converse

does hold ?

Let us consider finite models and check

whether the result holds

Let M and o be finite-models woth

(M ,
s) and (N,

t) being modally equivalent
.

Are they bisimilar ?

To show that (M, s) = (N,
t)

,

we

need to find a bisimulation to

WrX We
with Et. Let us consider

ZCWrXWp defined as follows :

for all o Wr and y &W
,
a zy iff

se
and y satify

the same modal formulas.

Of course ,
set



De just need
to show that

is a
bisimulation

Let n -> Wr and y -Wr
with nzy
.

1. Condition (AH) follows.

2. Let us prove (Zig) now . Suppor

a Ry ' .

To show that there inects
I

&

YE We
such that y Ray andazy'

Suppor not. Then , there does not

exist any y' in We such that

y Ray' anda 'Zy' .

Let T = Su :

y RNu] ·

Can T be empty No.
-

Since M
,
2 FDT andmzy ,

so,

(N, y) EXT· Thus ,

i is non-emply.
Since ↓ is finite ,

T is also finite.



Let T = Su, un , -

..., um] ·

Them,

for all i = 1
,

--

,
m
,
it is not the case

thata Eni . Then , for each i

there is a modal formula Pi , say,

such that M
,
n'Fe ; and Nu :#9

So
,
M

,
s FP , N921---Aqu ,

whereas

N wit9 for each i .

So
,

we have !

M
,
nF D , 92n --- qm) - and

N
, y# (9 , 1921 --- n9u) .

So
,

we have a contradiction as

azy
This completes the proof of

the (Zig) -

condition.

3. Condition (ag) can be proved
similarly .

This completes the proof . T



So
, for finite

models
,

modal equiv

alence implies bisimilation.
I

Where did we we the finite
condition ?
We needthe fact that T is finite.

Image - finite models

A Knipke mode M = (W ,
R
,
V) is

said to be image-finite if

for all w EW
,
theeet IW : S'EW :

wRw/] is finete
So

,

instead of finite models if
we
consider image-finite models,

the convence result still goes through
So we have the following result :

Hemerry - Milner Theorem



Let M and of be two image-finte
models. Then (M ,

S) and (N, t)
are no dally-equivale it iff they
are bisimilar:

An application on expressivity
I

We wee
this concept to show

what modal logic can/ cannot express

Universal operator
.

U

M , w FUq iff for all veWr

M
,

u Fq

Is the universal operator definable
in the model language ?

Suppose it is . Let <(9) be a

modal formula each that for all

models M and for all w in M,



M , w FUq iff M
,
wF(9).

Now
,

consider the following models :

w
. P w

r

Mi ut -u
M

,
w #Up but

,
Min Up

So
,

M
, wF((p) and

,

M'
,
w'Fx (b)

However , (M , n) and (M' , w) are

dissimilar , hence satisfy the same

modal formulas. So
,
we should have

had, M , WF4(b) off M'
,
w'F <(b).

But
,
that is not the care

,
so we

have a contradiction . Thus
,
the

universal operator I is not expressible
in the logic PML.


