
LECTURE 18 27
.

03
. 2024

Recap of modal logic syntan and sumantics.

Syntan :

LetO be a countable set of propositional
variables

·

Then
, formulas of the basic

modal logic (BML) is given by :

9,: = 1/q/quy/gay/q +M/Dg/p ,
where

,
pE8.

Semantice :

M = (W ,
R
,
V) ,

where W is a non-empty
W

set of states
,
RCWXW and V : P + 2.

Truth definition !

Given a modal formulaQ ,
a model

M and a world wEW in M
,

at /M
,
w) [M ,

cF9] if :I is satisfied H
the following holds

> pointed model



M, 2 F b if w = V (P)

M
,

" F7q if M
,
w #9

M, 2 F &VN if M,
w F q or M

,
F

M, 1 FQAY if
M

,
2 F & and M .

2 FN

M
,
n FG -> if M ,

2 FY Whenever MN #4

M
,
nF Dq iff for all EW

,

wRe

implies M ,
v F Q

M
,
n F 9 iff there instsvEW s .

t.

wRv and M
, -FC

We have done a lot of examples in
E

the last class and her we are just
recapitulatin g the definitions

Satisfiability and Validity of formulas :

- q is satisfiable if them is a model

M = (W ,
R

,
v) and some wEW s . t.

M ,
wk Q.

-I is
valid iff its negation is
-
tiable .not sal



H .W. Check whether the following formulas
ne

valid!

- D(V - b)
-

DbV Ap

- D+p + 1Dp

- (14) + (4XP)

- (914) + D(q1T) .

- Eq + 9

- Dq + DAC

- LDq + DLDg .

- Dq + 49
- 94 7 79 .

Now
, continuing from the last class

,

let

us consider the following model.
WI

Mi /
. To it possible to distingin

WL
to

we and wo in this model

to by modal formulas ?



H . W . Prove that (M ,
2) and (M , ws) satisfy

the same
modal formulas . In other words,

prov that for all model formulas 9,

M
,

w
> FC if M

, ws Fg

From defining states to distinguishing statis.

&bA i
b↓ I
·

qw gD·

M N

O .

Can
you distinguish between the pointed

models (M , w) and Co ,
wis by a

modal formula (Informally ,
can you

&

distinguish between the worlds no
,
e

M and · , in N) ?

↑, , , DD
X V



So
,
BDP holds at (N

,
v 1) but does

not hold at [M ,
n) .

Thus
,

the

formla distinguishes the pointed models.

What about (c ,
w .) and (AV, vi) now ?

u
,

·S ↳ · Dpo !

↓ ! ·vo
qua qV·
W2 Vz

M N

In fact ,
wo modal formula can distingu

ish between (M
, wi) and (N,e)

How will
you prove

this ?

Generally ,
we prove statements regarding

formulas by applying induction on the

C

arge of formulas .
But

,
how to prove this

in-us of these particular models ? ↑lev



Before
mesion

,

Ginginto thedetaileddise.
Model equivalence .

Two pointed models (M ,
w) and (v)

are said to be modally equivalent
if for all modal formulas 9,

M
.
w #q if NUFC ,

that is
, (M, w)

and (N,
v) satisfy the same modal formulas.

Bisimulation

Let M .: (WL , Ri , Vr) and M2 : (Wa, Ru, Vz)

be to (Kripke) models Let w ,
EW,

and 12 E W2 We

is bisi miL to y that(M
is a binary relation &W .

X W
,

.
t .

w
, Awa

I

and for all EW,

HEW2 , if in Ey ,
then,



(2) [atomic harmony] for all propositional
variables b E 8

,
EV . (n) iff EVz (y)

() (zig] if Ris in M
,,
then there

Iexists
y E

Wa s .
t . y Rzyin Ma and

n'z
y

1
.

↳ > (ag] if y Ray in Mr , then there
exists n'EW

,
.... Ric in M ,

and

Ia Zy
We wite M

.,
w, Mz

,
w2

Ya
Mi Mr

Let's refer back to the example
we had before -



wit bond
b

-

↓ &I IM- P N .

G D
.-

E = (((p ,Y) ,
(2,v2) , (10, vo3]

We have : M
,
no

.
= N

,

v.

More examples.
2

& on
·
W2
·

- =to

Mi M2
M M2

Mi
,

w
,
= Mr ,

w Mi
,
w
,
= Mr

,
w2



H . W.

??

1
.

-

% /I
& O

% ↓ I
q p q

??
1 . - ↳& b

b

% p

p

Connecti the notions of 'modalng
equivalence' and 'bisimulation'.

Invariance Lemma :



Let (M ,
s) and (N,

t) be two pointed
models . If (M , s) = (N, t) [(M , s)
is bisimilar to (N, t)] ,

then

[M ,
s) and (N, t) are modally

equivalent.

Proof :Let (M ,
s) = (N,

t) .

To prove that

for all modal formulas g , (M , 3) #C

if (N, t) #g .
We prove this by

applying induction on the size of a

for mula 9 .

Barn case : Let =p .
Then the result

holds by Condition (1) of the defi-

nition of bisimulation.

Induction Hypothesis : Suppor the result

holds for all formulas of see n.



Induction Step ! Let theirge ofp be

n+ 1 .
Then we have the following cases.

Case 1 : 9 := 74. Then M , SFq if

MISFLY If M .
S Y if NtY (by E .

H))

if N ,
+ #74 if N

,
+ #q.

Case 2 : 9 := PVX · Then
,
M

, SFC if

M,SFX if M
,
SFN &, MS X

ift N ,
+EY a N

,

+ FX (by 1 .

H .)

off N ,
+ FYVX.

Cas 3 : 9 := Y . Suppor M , SFg ,
i .

e.

M, SF P . Then ,
there is sin M

,
s .
t.

sRys' and M, sFY. Now , by the

zig-condition ,
since M

,
s = Nt,

them is a tim N st . +Ryt and
M

,
s' = N, - So

, by I .H., NEN.



Hence
,
N+ FXY ·

So we have :

M, SFY implies N ,
+ FDN · The

other direction can be proved similarly
using the zag-condition.

This completes the proof

What about the converse ?

If two pointed model (M ,
s) and

(UV ,
t) ratify the same modal

formulas ,
are they bisimilar ?

No !!
p b

S E

o↓ ↓

· ↓ .....

M No

H . W. Prove that (M , s) and (N ,
t) are

modally equivalent but (M
,
5) #(N ,
t)


