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So, we have that bisimulation implies
modal equivalence ,

but the converse may

not be true.

- wat condition can we put on the

models to make the converse true ?

We can consider finite models May be,
we can go

a little beyond that . Let's se

Proposition : Let M andS be two finite
model. Suppose (M ,

5) and (N , t) are

modally equivalent. Then , they are bisimilar.

Proof : Let (M , s) and (N,
t) be two

pointed models satisfying the same modal

formulas. To show that -

are bisimilarthey
Consider the binary relation

I between Wr

Wer defined by : y iff ( ,
n) and

(N , y) are modally exnivalent
. So

,
we



now need to show thatI is a bisimulation.

Let a E Wn and
y
&W ,

s .

t. my.

I satisfies the condition of Atomic Harmony
-

Let us now consider the Zig condition.

We have . Let n'E Wr st
. R

To show that then exists ye Wr st.

Y Pr and n Ey · Suppor not. Then,

there does notisist any
'EW, s .

t. Bry
and n y'. Let T = Su :

y Rug · Can

T be empty ? No
. Why ? If T is empty,

then N
, y F
DL

.
Then

,
M

,
2 # DA

,
as

o Ey . But
,
this is a

contradiction as

them is a in

menteWeret
a

e
have that there exist no n in Ws st

.

y Ran
and n'Em . Then

, for all is 1
,

2, ..., m
,

it is not the case thati' Mi . Then
,



for each i ,
there is a modal formula is

pay ,
st M ,

n F9 ; and N
,
n: # 9;

So, M ,

n' + 9 ,
1 921 ... &m and Nui # q :

for each i . So
,

we can
conclude that

M
,
n # - (9 ,

191 .

... 19n) and,

N
, y (9 , 19 -

1 ... 192) Check !

So
,

we have a contradiction
,

as [M ,
x) and

(,y) satisfy the same modal formulas.

Hence ,
our original assumption was wrong

and we have proved the Zig condition.

(ii) Condition Eag can be proved similarly
--
This completes the proof

Note : Let us now introduce the notion of

image-finite models - I Kripke model

show each world is related to only finitelyJ

many
worlds. The above proposition would

continue to hold for image-finite models



The coresponding theorem is called :

Hemesey-Milner theorem

One of the main applications of the bisimo

lation concept is to show how expressive

this basic modal logic is :

Example. Minusal operator (U)

M, w #Up if for all veWr ,

M
, VFQ.

Is this universal operator I definable in
our basic modal language !

Answer : Suppose it is . Let < (9) be a

modal formula s .

t . for all models M

and all worlds n in M,

M .. #Up if M
,

w #x()

..-!Pr
al

%-
V &

viob
I

M M



M
,
c # Up M !,w #Up.

M
,
w FX(p) M!, w <(b)

However ,
(M ,
c) and (M' , 2) are bisimilar

So
, M ,

wF < (P) If 11
,

2F < (b) · But

that is not the case here .
So

,
we have

a contradiction .

Thus
,
the universal

operator U is not definable/expressible
&

in basic modal logue

First-order logic vs. Basic modal logic

How similar/different they are ?

a >0 ->
a b

-- po
I 2

·

X d C
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P g pX pr g
j g ↓

a
,

M M



(M ,
1) = (M' , a)
lis incl

(modally-equivalent)
An FOL formula

y , yy , y> 2> A Ray ,
A Rayz Ryigs Ryzys)

So
,
modal logic cannot distinguish between

there pointed models
,

but first-order logic
can

What is the precise relationship between

FOL and ML ?

To consider this ,
we first need to decide on

the language of FOL to deal with BML.

Parameters of the language.
R (a binary predicate symbol)
Po

,
P1, Pe, -.... (unary predicate symbols)



Then
,

a Kripke model
,
(W ,

R
,
v) can be

sen as
a first-order structure (D , I) :

D = W

I(R) = RCWXW

I(Pi) = V(bi) & W [V : 0 + 2) .

A translation of BML formulas into FOL formulas

We consider a variable m for this translation,

known as the 'Standard Translation' STn :

STm (i) = Pic

ST> (1) = 7 (a = x)

STn (79) = 7 STm (9)

STn(qVY) = STm(9) V STa(Y)

STn(D9) = Fy(Rmy + STy(e)).
ST (19) =

Jy (Ray A Sty(9)

· Find : ST ( (D VG)



STn((Db v a)

= Ey (Ray A(z (Ryz + Pz) V(y)

Let us now look at the models/structures
for L &

Examples
L-structure (D ,

I)

M : -
-.

a D = 2 1 ,
2

,
3

,
4

, 53
3

I(P) = V (b) = <133
p a 2

.

5

I(9) = V(a) = 22 ,
9

, 53 .

g

I (R) = <(42) ,

(2, 3)
,

(3, 4)
,

(3
, 5)]

M : ↑ &

-> L-structure (D ,1)
I N

X.
->

D = 2 c ,
b

,
2

,
d

,2]G
a

d q

C I(p) = (a , d)

I(q) = [b ,
c

,
2]

I (R) = <(a ,
b)

,

(a, c)
,

(b
,

d)
,
(d),

(d,z)]

Any Kipfe model can be seen as a first-
order structure

,

that is
,

an L-structure,
whereL is given as above



In the following ,
letIt denote the

model satisfaction relation and

denote the first order satisfaction relation.

Now
,

we are ready to prove the following
results :

ForI .
all Kikke models M and fa all--world w in M : M .

w I q if

My+ -]
FSTm(9)

, for all modal formules

I
-

= For
all Kripke models M , MH9

↑

-
CM ,

2 14 for all w in MJ off

MF XmSTn(C) ,
for all model formulas 9

[H .W . ]

-We will prove (1) in the ment class.


