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(2) = (M , a)

Thus
, (M , 1) and (M' , a) cannot be distin

guished by modal farmulas.

FOL formula : Jy , JyzJys (T(y, = yz) NL (yz= ys)

12(y = y) & Ray ,
& Ray,& Ryy,Ryay

This formula holds in M' but not in M.

So
,
modal logic cannot differentiate

between these two models but first



order logic can . Thus we can see that

FOL is more expressive than PML.

What is the precise relationship

between FOL and PML ?

We first need to consider the

language of FOL to deal with PML

Parameters of the language
R : a binary relation symbol
Po

,
P
r,
Pr

,

----- : many
relation symbol
.

Thm
,

a Kripke model M : (W ,
R

,
V)

can be seen as an FOL-structure (D , F)

as follows :

D = W ; F() = RCWXW ; I (P:) = V (PI)

Standard translation

A translation of PML formulas into



FOL formulas is given as follows : We

conside a variable i to provide this

translation ,
known as

the standard

Mandation (STR)

STu(bi) = Pic

STa(t) =(a)

Sin(19) =Sin(g)

Sin (qVy) = STu(q) VSTa(Y)
Sin (914) = Sin(a) ASTn(Y)

Sin(4 -> i) = STu(g) + Sin (4)
Sin (9734) = Sin(e) STu(4)

Sin (Dq) = Jy (Ray & STy(q)
STa(Dq) = Fy (Ray -> STy(a))

Find STu(D)((p)+ 2)
&

Answe : Jy (Ray & (Vz (Ryz- > P2) -> By)



Model examples

Let us consider the following as FO-structures
y
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Dm = 34 2 ,
0
,
4

,
53 Pu =20 b,

e
,
d

, 2)

In(P) = [1 , 33 Fr(p) =za , d3

In(9) =

(2,45] Fr (9) = [b , <a)

F(R) = &(1 12) , (2,3) ,
Fy (R) = [(a , b) ,

(a , 2)

(3,
4)

,
(3,5)] [b .

d)
,
(c , d) ,

(d,e)
Some related results

1. For all Knipke models M and all worlds w

in M : M , w =4 off Many FSTr(9) for all
model formulas of



2. For all Knipke models M , MF4 (that
is M , w F4 for all win M) iff MFXuSTu(g)
for all modal formulas o

Proof of 1 : We prove this by induction
on the size of the formula i.
Base case

: G := p . Then M
,
EP iff

wEV(b) if wE I(P) off MqjFPr

ift Maneo] FSTr(p).

Induction Hypothesis Suppose the result

holds for all formulas of size <m .

Induction Step : Let of be a formula ofsize mat .

Casel :

9 : 74 · Then
,
M

,
wE4 ff MWFLY

iff M
, #4 iff Manwy4 of Mq+] FLY

if Manew] #Q

Care 2 : 9 : 4VX .

The proof
is

similar



Goes : 9 := Dy · Suppose M ,
WFD4

Then
,
there existsv in M euch that wRv

and M, VEY ,
Since WRo

,
we have :

My + w
, z + v)
FRaz .

Since M
,
vFV

,
we have :

Min+] ESTr(P) (by I .H.) ·

Let no conside

a new variable y , say .
Then

,
we have

May + o] FSTy(p)
and Maew

,
yeozFRay.

Now
,

as a does not occur fre in

STy(Y) ,

we have Max w
, y+ v

ESTy(i)

So
,

we have Mqn+ w
, y+v] F Ray STy (4)·

Then
, Mqn + ] #Jy (Ray & STy(x)).

Thus Manewy FSTu (Dy)

Conversely , suppose that Man-w] FSTr(D)
So

, Miners F Jy (Ray & STy(4)). Then,



M(n+ w
, y+ v]

E Ray A STy (4) for some

o in M . Then
, Manew

, y+c)
E Ray

and Min+c
, yes E STy(t)

. · Since

Mento , yeay
# Ray ,

we have no Re

Since Mqn + w
, y+ on

# Sty (4) ,
we have

My + v] FSTy(p)
as a doe not occur

free in STy (4)
.
Then

, by I .

H
.,
M, F

Y . So
, combining both we have that

there is some v in M such that

-Ro and M , FY ·
So

,
M, FDY

that is
, M, FC . This completes the proof . D

Proof of 2 : H .W.

Applications :

- Compactness theorem : An infinite set of



modal formulas
is

satisfiable if every

finite subset of it is satifiable.

HW .
Prove this result using the standard

translation.

Lowerhim Sholem theorem : If a set of

model formula
isratifiable in an

infinite model then it issatfiable
in models of every infinit cardinality.

H .W . Prove the result using the standard

translation.

So any PML formula can be expressible

in
the relevant FOL but conversely
(Recelt the models and the FOL formula
with which we started our discussion

Cam we think of a collection of FOL

formulas which are equivalent to the

PML famulas ?


