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Proof of 1

We proce this by induction
on the size

of the formula I
↑

Bex case
: p := 1. Then ,

M .
w I P

if wEV(b) if WEI(P) iff

My+ w] F Pm if MctwsFSTa(b).

I.
H

:Suppor themoulto
a

I
.

S .! Suppose I has size n+1.

-

Cas E : := P
. Then

,

M
.
w IQ if

M
.
w 174 if M .WY if Many
STR(P)

.

[by I . H . ) if M +WFTSTa()
if Minty FST(74) if MatsFSTa(9).
Care I : 9 != YVX : Similar



Case [ = C : = Y.

(4) Suppose M ,
w/4 ,

that is M
,
wh BY.

Then
,
then existso in M s .

t. Ru

and M
,
o IP

· Now ,
consider two

distinct variables ,

a and y , say,

Since wRo in M, we have :

M + w
, y
+ >

# Ray - Also
, by E .

H.

on have May+ FSTy(4)
·

Then
,
we

havr M(x + w
, y
+ ·] FSTy(N) as m

does not occur free in STy(P) .

Thus,

Ma+ w
, y+u

# Ray A STy(P)
Then

, Mynto] #Jy (RayASTy(t))
that is

, Mqn + ~] STu(DY) ,

that is
, Man-FSTm(9)



↳ Commensely , suppose that M + w>
#Sta (9),

that is My+ ] #STn(DP)
· Then ,

Men + -) # Sy (Ray
A STy() ·

Then,

Min+ w
, y+v]

F Ray ASTy(P) for some

O in M .

Then we have :

Mento
, yes F Ray and Mw , ye

FSTy(p)
↓

↓
R v and M(y+ u) # STy(p)

↓ I .H .

M, o -P

So, combining both
,

thre is in M

o .
t . wRo and M .. #Y . Thus

M
.
2 It DP , that is ,

M .. I Q.
This completes the proof



Applications
- Compactness Theorem : An infinite set

&

of modal formular
is satisfiable off

I

every finite
subset of it s

(H .W.)
satisfiable

- Lowenhime-Skolen Theorem
: If a

set of modal for mules
is satisfiable

in at least one infinite model
,
then

it is satisfiable in models of every
infinite candinality. CH .

W .)

Now ,
let us ask the converse question.

Can every first-order formula (with

appropriate parameters) be equivalent

to a
translation of a modal formula?

No !



Model formulas are invariant for

bisimulation but first-order formulas

may
not be . Consider :

q(u) :
y , y2Jys (y ,

+ y
↑ y ,

+ ysA y ys

↑ Ray ,
A Ray A Rygo A Ryzys)

This gives us a counter-example (Se
the model discussion earlier).

O .

What are those first-order formulas
which are equivalent to the translation

of model formulas ?
A .
The first-order formulas

that

are invariant under bisimulation

- Modal logic is the bisimulation-

invariant fragment of First-order

logic



What is the definition of such formulas?

A first order formula P() is invariant

under bisimulation if for all Kripke
models M and N and for all states

Win M and in
,

and all

bisimulations I between M and I

p . t
.

1 Ev
,
we have :

M( + > F(() if NF9(n)
.

The Theorem

Let 9(z) be a first-order formula. Then

·

9() is invariant under bisimulation
· valent tooff 9(m) is logically eque

-

a standard translation of a model

formula /

- proof is outside the scope ofThe
this course



Correspondence Theory .

Model logic Syntam :

9, 4 : = p1 +1 -q(vp(94(q + y)p+ 4)
Del4 ; b E8 .

Modal Logic Semantics :

Models : M : (W ,
R
,

v)

A ↓- a mak
a n .C.

from 8 to 2W.

state EWXW

Truth definition ! M
,
w FC

Focus on frames :

F : (W , R)

I : Can we express properties of this

relation R in terms of modal formulas ?

Satisfiability and Validity :



- A modal formula Q
is satisfiable if

-

there is a model M and a world w

in M o .
t. M

.
w q.

- A modal formula p is valid if
for every model M and for every
world w in M

,
M

, W#Q

Some variants of the motion of validity :

-Given a model M = (W , R , V), we
call a formula o M-valid (MFG) if
for every WEW ,

M
,
2 + q

-Given a frame F = (W, R)
,
we

call a formula F-valid (FFG) if

for every model M = (F ,
V)

, p is M-valid
.

- A modal formula o is said to&

characterize a class of frames , I,

way , of 1 = [F/4 is F-valid].



Examples .

1 . Let 1 = E(W , R) : R is reflisive]

I : Can we find a modal formula
that characterizes C ?

A : Yes. DP+↑ (p is a propositional
letter)

Proof ! We need to show that for

any frame F , FFp
+ ↑ if

-

Rf is reflexure

-Let F be a frame s .
t. Rf is reflexive.

To show : FFP +↑

So, we have to show that for all

models M
,
based on F

,
and for all

worlds n in M
,
M ,
wFDp + p.

Suppor M .WFp ·
To schow : M ,wp.

Since RF is reflinire , coRfw
So , on M ,WF ,

M .w #p as well,

We are done.



- Conversely ,
let F be a frame sit.

FF + p . To show that Rf is reflexive

Letns prove a contrapositive statement;
&

that is
, if RF is not reflexive

then FDp + p .

Then we will be done.

Let F be a frame n .t . Rf is not reflinie
To show F + p · It is enough

to construct a modet M based on the

frame F and a world w in Ms .
t.

M, w # Dp + p. Now ,
as RF is

of reflexive there is some
wEW

s .

t . WR/ w . Consider the model

M = (F ,
V)

,
where V (b) = WL903·

Then
,
M

, wFDP ,
but M

.
w #b.

So, M ,
w # Dp + p -

So, F# -p.
This completes theproof



2. Let D = [W ,
R) / R is transitive]

I . Can we characting D by a
-

mode formula ?
A. Yes. Ap + AAP.

Proof . We need to show that for all
I

from F
, FFDP-BDP if RF -

transitive

(a) Let F be a frame s .

t
. Rf is transit

time .

To show FFDP- P · Let M

be a model based on F and no be a

world in M .

To show M
,WFD + DD

Suppor M .w Dp ,
To show : M

,
EDDP

.

Now, Min #DDP if for
all v with

.

wRf,

M, UEDP , and M ,
0 FD if for allo

with

vRfU ,
M

,
uFp - (↑)

Now , since RF is transition , whenever



wRf0 and Rf n ,
we have no Rfu

And then
,

as M , WF DP , we have
:

M, u FP .
To show (*)

,

take any

~ st wRfu and u st . oRfh

We have , by our assumptions
above
,

Min FP .

So
,
we have M

,WFDP ,

and
,
we are done.

(b) Conversely suppose that FFDP + DDP

To show that RF is transitive.

We prove this contrapositively

Suppose that RF is not transitive:

To show : FDP + DDP ·

It is

enough to show the existence of
a model M based ou F and a

world w in M
, p .
t

. M
,
#Db + ADA

Since RF is not transitive
,
there



are w
,
v

,
n EW st .

w Rf u
anda Rf m

,
but w R/F U.

LetM be a model based on F

with V given by : V(p) = Wi[43.
Thm , Myo P

and MWDDP

So, M. DP - DDP
.
So FD-DO .

This completes the proof

H .W.

1
. (1) RF is sival

(b) RF is symmetric,

2
.

What conditions on RF do these

formulas characterize . Justify your answer

(a) DP + Dp

(b) A(Dp +> b)
(3) DDP -> DDP


