
Lecture 20.
He can actually strengthen the translation

of PML formulas into FOL formulas.

Proposition : Any PML formula can be

translated to an FOL formul Containing
at most two variable

Proof idea : Rinsing variable

STn(b) = Pu STy(b) = Py
Sin(t) = < (2 = m] STy(t) =z(y= y)
Sin(29) = > STn(q) STy(id) = 7 STy(g)
Sin(qVi) = STn(q)USTu(Y) STy(qUy) = STy(e) VSTy(4)
Sin (D) = JyRay A STy(e) STy (D) =Fa(RyzeNSTu(e)

Example
PML formula : D(TP + q)
Sin (1) (Dp + q))

= Jy (Rmy & (fx (Rya
=> Px) +> gy)



What about the convince ? Can
every first-order

for mul in two variables be equivalent
to the translation of a moder formula ?

Ans .

NO. Consider Gi as . Suppose Y

is a model formula much that STr(4)

is equivalent to p
- Consider the models :

·
v

M : u
~ VI

iN
all

↑

T
We have : M- w]

Fp and Nuey @
But (M ,

2) = (N,
v)

,
and so they satisfy

the same modal formulas .

So
, I cannot

be equivalent to STa(4) for any
model

formula P . Hence the result. Hill

Cam we characterize some set of first-



order formulas that are equivalent to

the translation of model formula 2
-

Aus
.

Yes .

Those formulas that are invariant

under bisimulation. A first-order formula P(z) is

said to be invariant under bisimulation of

for
all Kripke models M andN

,
all

worlds no in M anda in N and all

bisimulations T between M and Nauch

that no Fo
,

we have :

Mqm- w] Fa(a) ift Nin+ogFq(x)

van
Benthem characterization theorem.

Let g(r) be a first-order formula with one

free variable
m . Then

, p(a) is invariant

under bisimulation off (a) is logically
equivalent to a standardtranslation of

a modal formula

The proof of the if-part is trivial
. The

proof of the onlyif part is quite involved.

We do not discuss it here .



Finite model property (FMP)

A logic L is said to satisfy the finite
model property if any satisfiable formula

& in L is satisfiable
in a finite model

Don FOL a FMP ?

H .
W .
Provide an answer to the question above.

Does PML has FMP ?

Yes .

In what follows we will prove this result.

In fact ,

we prove a stronger result-

Strong finite no del property (SFMP)

A logic L is said to satiy SFMP if

any satifiable formula o
in Lis

satisfiable in a finite model of
2

at most 2191
,
where 191 denotes

size
the number of subformulas of Q.

Proposition : Model logic (PML) satisfies
SFMP

.



Proof : Let of be a modal formula

Let Sub (9) denote the set ofmubformulas

of the formula o
.
Then

,
Sub(4) is a

finite set . Assume that a is satifiable.

ther is a model M = (W ,
R

, V)Them

and a world w inl such that,

M
,

w Eg .
To get our result we have

to reduce the size of M is such a

that thesatisfiability of a isway
preserved somehow. A natural way

to

reduce size is to partition the
&

domain set W
, so we

need to define

some equivalence relation on
W

.
While

doing so ,
we have to consider the

&

satisfiability of a en some way ,

in

particular the satifiability of the

formulas in Sub (9) . Through all these,

we hope to preserve the satisfiability of



in the smaller model . Letws

define a relation vo
on Was

follows : Fo all w
,
v W,

w
v iff for all formulas Ii

Sub(g) ,

M
,

w Fu iff M , w FY.

Io -p an equivalence relation ?
Yes (Check !

Then
, vo partitions W into equi-

valuce classes Let [v] denote the

equivalence class of w in W ,
and

let We = [qs/veW]
How many

elements do We have ?
Let as define a map g :Wm-8 (Sub(d)

g(w]) = 34 Sub(d) : M
,
wFP]



So
, g([w]) [Sub(g).
Li well- defined ? We have tog

show that if n - ,
then g([w]) = g()

suppose noro. Then M , WF4 if
MVFT for all o in Sub(e) · Hence ,

g([w]) = g([v])
So o injective ? Let ,

0 EW
,
such that

g([w]) = g([v]) ·
Then

, [PESuble) : M
, WF4]

=SueSub(q) : M , uFY] .

So
,
M

,
WFT

iff M. VFX for all ESub(9)
. So,

corgu ,
that is : [v] = [v] . So

, g

is an injective mat from Mr to P(Iub(a)
Since (P(Sub(6)) = 2191

,
we have :

191
IWrl < 2

-

So
, starting with any

W , we get a finte



bounded set Wr. Now we need to

define a limary relation Re on We

and a
valuation VI ,

such that the

satisfaction of the formulas in Sub (9)
do not get affected + that

is
, for all

YESub(g) ,

M
. WFY if Mr ,

[W] FQ

with Mr = (We ,
Re

, Un) det wo first

define VI : V(b) = 5[] : wEV(b)3 , for
all propositional variables.

How do we define Rv
~

Let u postpone this disan non

and get to the proof of the following
Lemma : For all formuls Ye Sub(6)
and for all w in M

,
M

,
WF4 if

Mr
,
[W] F4

Let's continue with the proof in
the went class


