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Consequence relation

Let ↑ be a set of modal formulas
and I be a modal formular

Semantia consequence relation

MFQ : For all Kripke models M and

for all worlds
n in M

, if MW FU

for all
VEN

,
then M .0 Q,

Note : In the about definition ,

when M

&

empty ,
we
say

thato is a valid
us

for mula (defined earlier) and we denote

it by #q
.

Deductive consequence relation

↑+ 9 (Hilbert-style animatization) :

If there is a sequence of formula



91 ,
92, -.... On ,

such that Qu=9 ,

and each Q: is either an arion
,
on a

member of ↑ or obtained by sone rule.

Goal : To prove the following :

- if NrQ then FC (Soundness Theorem)

- if FQ then +C (Completenes Theorem)

H .
W . Prove the Soundness Theorem

Completeness Theorem

Suppose ↑FG . To show that +Q

Support not ,
that is #Q

[Introduce the concept of consistent sets

of formulas as earlier : A set of formulas

A is said to be inconsistent if there is

a formula & S .

t. A+c and X+L9.

A is consistent if it is not inconsistent]
Now ,

since H <
then MUE29] is



consistent . Check !

Claim : Any consistent set of formulas has

a model

Using this claim
,
we have that VE19]

has a model . This contradicts that MFC

Hunca
,

we have that N + 9 ·
This completes

the proof (module the claim above)

Let us now focus on the claim :

Any consistent set of formles has a model

Proof of the claim
.

LetM be a consistent set of formulas
1. Extend ↑ to a consistent and complete
-
(maximally consistent) set , say

[Lindenbaum Lemma] H - W.

↳
D has a model [To do now]



First of all ,
let

us note that the

manimal consistent sets' above should
given

have the natural properties in termo of the

boolean connectives 7
,
R

,
V
, +, > Shook

at the definition of model set : <(1) , (b),

2(a) , (b) , (2) , () ] ·
To get all there ,

we

would need the arion system for Classical

Propositional Log (CPL) .

To include this
L

inside the asion system for modal

, we consider a notion of substitutionlogra
Substitution

A substitution in a map 5 : 8-h

where I is the set of propositional
letters and L is the st of model formulas
Given W

,

we have F : L - ↓ as follows :

(b) = r(b) = (4VP) = =(g) v(p)
(xY) = (a) ↑ (P)

(t) = +
(1 + 4) = (9) + (y)

(a) = 28(a) ↑(+ Y) = (p) + Y(Y)



(b) x) = D(a) (19) = Br (c)

Note :W can be uniquely extended to
"

,

so we devote o by W

Example

(b) = (1) (bX)

r(q) = b x Bg

1 . (b(b +) + DP) .

= ((AD() a (b D2)) -> ADD (a)

2 . (p + (+ b)
= D (b) + ((PMD9) + AD (PM)

Propositional tantology in modal logic
,

A model formular o is a propositional
tintology if 4 = U(X) ,

where X is a

Propositional logic formula and a tantology
in CPL and W is a substitution &

We are now ready with the first set of
asions and rules that we need :



Anion (1) All propositional tantologies
Rule (1) Modua Powers.

his now focus on finding a model

for an MCS &M which would

show
,

that I has a model and

the proof would be complete
. Thus

/

we save to find M : (W ,
R

,
v)
↑

and a world wEW such that the

following holds :

M
,
w

. 4 .

if Ew (Truth hmma)

O. How do we get such in M2

Let no define M
.

as follows.

W is the set of all MCS's

V is defined by : V (D) = [0/PEW].
R is defined by : w R v iff for all
modal formulas , 9 EU implies GEW.



So, we have own required M =

(W ,
R
,

V)
.
And the resied world

is given by D ,
itself . Why?

Because
, if we can show the truth

Lemma for M : M .. #G if EW,

then we would have . 9 for

all GED ,
which in turn would

M

give u M, #V for all VEN.

and hence
,
this consistent set M

that we started with
,
has

a
model

So
,
we prove the truth Lemma . now.

Proof of 'M
, 2 G if &E
·

We prove this by induction on the
&

page of of the formula p.

Base Case : q : = p . It follows from
the definition of V : M

,
WFP if PEW.



I
.

H.: Suppose the result holds for
all formulas o with size m.

F .
S .: Let o be a formula of siga WH.

Cas L :

q := 74

M
,
WFQ if M .

WFLP if M
,
WP if

YW (I . H .) if YEW (MCS) if Ew.

Can 2 : p := YVX

M
,#q if M,

YUX if MoFY o

M
,
WFX if PEW a XEW (F .M.) if

YUXEW (MCS) If NEW

Case 3 : 9 :=P

We have to show that M
,WHY

if YEW

Suppor M , w FY .
T . P. NEW

M ,
w FX Y



implies there is v in M s .

t . w Re

and M
.
UFP

implies them isw in Mart .

Ro

and PEU (I
.

H
.).

implies E W . (by definition of R).

implies & E W

- Conversly ,
suppose & Ec ,

that is, YEW.

T . P
.

M
,
w FY ; that is ,

there

is a v inM S .

t . Ro andM
,
UF

By I .H ., it is enough to show that

there is a c s .

t. wRo and PEU.

Now, wRo
means that for all modal

formulas 4 , 9 EU implis EW.

Thus ,
our assumption is DYEw

And ,

we need to show theexistence

of a
o s .t . ↑Ev and for all model

formulas C , 9EU implie GEW.



Let us first prove the following:-

-

Obsewal on : n Rwiff for all modal

formular 9 , GEW implies Ev.

Proof of the observation
&

- Let ~Ro .

Let o be any
model formula

.t . DGEW
·

To show EU
· Suppor not

So
,
&U .

Then 79E0 .

So
,
DIGEW.

[Arion (2) : D 719]

Then
, TDGEw (check !)

This is a contradiction to the

consistency of 10 . So
,
we have our

result I

- Conversely ,
suppose that GEw

implies EU for all modal formulas
p. To show that wRe

,
that is

& EU implies &EW for all model

Formulas 9
· Let o be a model



formula s .

t. E .

To show,

D9EW· Suppor not . Then GEW.

Them
,
79EW ·

Then
, by Anion (2),

DigEw . (Check ! ) .

So
,
or have

-

by the given
condition, QEU . This

contradicts the consistency of u

Hence we have our result

This completes the proof of the

observation

In the ment dass
,
w will get back

to the main proof


