
Lecture 25

Consequence relation

LetThe aret of model formulas and

o be a model formula

Semantic
consequence

relation

TFQ : For all Kripke models M and for

all worlds no in M
,
if M ,

wFY for

all VEM
,

ther M
,

w F q

Note : When M is empty ,

we say &

in a validity (defined earlier) and we

denote this by EQ

Deductive consequence
relation

↑ & (Hilbert-style axiomatisation)
: If

there is a sequence of for
mulas 9 ., 92

---

, On ,
such that On

= G ,

and each di

is either an anion ,
or a member of M

.

o

obtained by some rule .



Goal : To prove the following
Soundness theorem : If MTG then MFG
Completeness theorem : If MFG then MtQ .

H . W . Prove the soundness theorem.

Completeness theorem :

Suppor MEG .

To show that NtQ.

Suppose not ,

that is MHQ . (Introduce

the concept of consistentrets of formulas

as earlier : A set of formulas A is

said to be inconsistent if there is

a formulaI
such that NtG and Nt 14·

A is consistent if it is not inconsistent
. I

Now ,
since MHp ,

then MUEG] is

consistent .
(Check?

Claim : Any consistent set of formular
has a

model



Using this claim
,
we have that US19]

has a
model .

This contradicts the

fact that MEG
.

So we have : NQ.

This completes the proof (modulo the claim above).

Let us now focus on
the claim :

Let ↑ be a consistent set of formulas.

We do the following now :

* L . Extend R to a consistent and complete

(maximally consistent) set
D

, say

[Lindenbaum's Lemma] H .

W.

Let us note that the manimal consistent

sets of formular given above should

have the natural properties in terme

of the Boolean connectives T
,
1

,
V
,

",

< [Look at the definition of the model

ret : <(a)
,
(b) ; 2(a) ,

(b)
,
(e)

,
(d)

. ] To get all
ther we would need the anion system



for CPL .

To include them inside the

anion system for model logic ,
we

conside a
notion of substitution
.

Substitution

A substitution is a map 0 : O + L,

where P is the set of propositional variable

and L is the set of model formulas.

Given - ,

we have I : G > L as follows :

↓ (b) = r(p) = f(t) = +; V(q) = 15(9) ;
↓ (9 vi) =((a) vE(y) ; (4) =(a)(4)
~ (g + 4) = -(a) + &(4) ; ↓(944) = (a)(4)

.

↓ (Da) = D = (d) ; = ((9) = b) (a) .

Note : I can be extended uniquely to

so we denote I by N.

Examples

u(p) = DD(bny)

r(a) = pa5q



1
.((D(b4q) -> Dp)
= (D (DG(px) a (PMDU)) -> DDD (bxy)

2
. -(b + (a + p))

= DG (baq) + ((bNBF) ->1$ (ONS)

Propositional tautology in modal logic

A model formula of is a propositional

tontology ifC = U(L) ,

where <
is a

propositional logic formula and a tantology.

in CPL and W is asubstitution function.

-

We are now ready with the first set of

amows and rules that we need

Anions

2) All proposition al tautologies
Rules

2) Modus Ponem

#2 .

Show that I has a model



We now focus on finding a model for

the MCS & IP which would show us

thatM has a
model and the proof

would be complete. Thus we have to

find M = (W , R , V] and a world weW

such that the following holds :

M
, wFq iff - X (Truth huma

How do we get such an M ?

Let us define M as follows

W is the set of all MCS's

V is defined by : V(b) = Sw-W pew]

R in defined by : wRo'eft for all

model formulas & , Ev implies D pew
.

So
,
we have M = (W , R , V) .

And the

required world is given by A itself
. (Why?)


