
Lecture 26
Let mo first note that this model we

constructed above is known as the

canonical model .

We are
now ready

to prove the following.

M
,
we & iff gew ,

where M is

the canonical model .

(Truth Lemma).

Once we
have the truth lemma

,

we

would have : M ,
LEG iff Get ,

which gives us a pointed model (M , 1)

for D ,
and hence a pointed model

(M ,
8) fo M as

8 ? F.

Proof of the
truth lemma

We prove this by applying induction on

the size of



Base case : 9 := 8. The result follows

from the definition of V . M
,

w + b

its we V(b) iff pew.

I
.

H.: Suppose the result holds for all

formulas & ofrize Im .

↑ S .: Suppose o is a formula of rize
--

m +1 .

Then we have the following case

q := 24 . M
,
WFL4 iff M ,WHY iff Per (IH

iff <4EW(MCS) ·

So
,
M, w Fe iff & - W.

9 : = NVX M
,
wFYVX iff M ,

wFY o
,
M

,

-EX,

iff N Ew or
, X En (I . H.) iff ↑ UX Ew (MCSY)

So
,
M , LFG if w.

9 : Dy .

We have to show that

M
,

w ED4 iff DYEw.

· Suppose M ,
WFD4 .

To show D4Ew.

Since M
,

n FX4
,

there is v in M

with Ro and M, F4 · So
, by I .

H
,



there
is

a in 11 with wRo and YEU .

Then , by definition of B ,
&PEw .

·Conversely ,
suppose that $4Ew .

To

show that M
,

w FD4 .
We have to

show that there is
a in M such that

-Ro and M , F4 (by E .

H
.,
M

,
of Y

if PEV) .

So
,

we have to find a v in

M such that wRv and YEv
. Thus

our assumption is DUEW .
And

,
we

red to show the existence of a v such

that Yew and for all model formula

& , gev implies DGEW
· Let us first

prove the following

Observation . wRo iff for all model formles
-

&, DGEw implies pev .

Proof : ↑ Suppose wRv
· Let o be a

model formula such that DGEw .

To show

gen . Suppor not .

Then
,
70 Ev .

So

-79 Ew



[Anion 2 . Dq <D29]
Then 7 DgEw (check !

This is a
contradiction to the consistency

of w . So we have our result
,
that is

, &Ev .

Thus for all model formular O ,

whenever DC

Ew
, qev

.

* Conversely , suppose that for all

modal formulas & , DG En implies &E . To

show that ~Ro ,
that is , for all modal fords

I , gen implies XPEW
: Let e v . To show

-9 tw · Suppose not .

Then , 7$4 Ec
. Then,

by Anion (2)
,
DLGEW (Check ! ) .

Then,

L & Ev ,
a
contradiction . Hence

,

the result.

This completes the proof of the observation.

Let us now go
back to the original

proof . We have : $4 0
.

We need to show

the existence of an MCS e such that s Ro

andI Ev .

Let v' = Qu USX : DXEW)
It is enough to show that o' is



consistent. Because then , we can take

v to be an MCS extending u ! Such a

w would satisfy both the conditions yeu

and no Rv

Proof of u'being consistent

Suppose not .

Then there exists a finite

subset of 'that is inconsistent
, So,

there are X
,
&x

,

--

,
Xu

,
such that

EN ,
X2

,
- .., Xu3 + 14 (Check !)

[H .
W

. If MV393 is inconsistent ,

then M19]

Then
,
+ #NX21 .... NXn) +> 24 ·

(Pale (2):A Coenualisation

Then
,
↓ D((X ,

MX2A--Axu) + <4)

[Arion (3) : D(p + 4) + (Dq + DY)]

Then
,
1 D(XNxza-- - &Xn) + DI4,

[Thom : D(GMP) => (DGNDP) (M .
W

.) ]



Then
, W (BX ,

NDX21---DXn) + DLY.

Now
,
DX , & DX21 ... A DXu En

So
,

DLY En . Then 1D4Ew.
7

(by Anim (2)) .
But DPEW ,

so we

have a
contradiction . Hence

,

the result.

This completes the proof of truth

lemma and hence
,

the completeness.

Arion system far basic model logic (PML).

Anion1 : All propositional tautologies
Arion 2 : 1q4) 19
Anion 3 : D(q + +) + (19 + DP)·

Rule 1 : g e+Y (M .

P
.)

Y

Rule 2 : rq
(Gen . )

rDq

Can we get such round and complete aniom

systems for certain special clas of models?
-

Model based on reflexive frames



-
-
Models based on transitive frames

-

Models based on symmetric france

-Models based an equivalence frame

In the proof above ,

we showed that

itpiff MAP . For defining I we considered

all Kripke models. Now we can consider

some restricted class of models like above .

Examples

1. Reflexive models :

What would be the corresponding arion

system ?

The proof idea follows from the completenes

proof that we finished just now
,
but for

this case we need to ensure that the
&

canonical model is reflexive ,
that is

R should have the property : "Ro for all

WE W
., the

et of all MCS's . This

means that fer all model formulas o
e tw implies $4En(equivalently,



D9-w implies Gtw) .

Ariom T : DG + 9.

The ,
the ariom system for PML

t

Arian T

will give us a complete aniouralization
for the

models based on reflexive frames .

2. Transitive models

Anion 4 : DG -> DDC

Then
,

the ariou system for PML

t
Aniam 4

will give us a complete aniomatization
for the models based on transitive frame.

Some other examples

1 . System 13 (all models)

2
. System T(rflemine

models

3. System S4 (reflexive and transitive model)

4. System S5 (models with equivalence
relations (


