
Lecture 27
Modal logic of lansitive cosme

Basic modal logic talks about transition

systems (Kripke models) ,
the relation giving

the transitions from one point to another.
You
In addition to expressingsuccessor

states

we
are also interested in reachability,

that is ,

states reachable from the curent state.

Can't we entress reachability in PML ?

No . Rel cannot even expres rachability
(path-connectednes] in FOL

.,
and

PML is only a fragment of the 2-variable FOL.

Thus we need to
go beyond basic model

logie to talk about reachability.

How can we express reachability in terms

of the transition relation (of the Kripke model) ?

Consider the reflexive transitive closure of



the relation inthe Kipke modd . That express

reachability and let us introduce model logic
of transitive

closure which allows us to

express
transitive closene of a relation

.

MLTC

Synten : 9 := 6/291994/44/ ** 9 :

where ptP ,
a countable ent of propositional

variable. The Boolean connectives v
,
- ,

5)

are defined as
usual

,
and the duals Be

and B*g are defined as follows :

Dq := 1679 ; D
*

q : = 1
*

79

& & is read as : there is a successor
state

where I holds

B
*

9 is read as :
there is a reachable state

where I holds

Semantice : A mode is given by our

usual Knipke model M : (W ,
R

,
V) .

We

no define o holds inthe pointed model

(M ,
w)'

,
denoted by : M

,
WFG.



* M ,
wFp iff wEV(b)

* M
,

w F7g if M
, w#q

* M, F & NY iff M , wEq and M,WFY

* M
,

n F & & Iff there
is some

o in M

with nRo and 1
,
0 p

* M
,
nF *** iff there is some o in M

with coRP and M
,
v F& ,

R*: reflexive ,

transitive close of R.

Satisfiability and validity.

·
A formula o

is satifiable if there is a

model M = (W ,
R

, V) and a
world w in M,

such that M
,
n F &

·
A formula & is valid iff its negation is

not satifiable

Some validities.

- b
*

q + (qnDq)

3 CH .
W

.)
- D

*

9 -> DD
*

9 .

- GDD
*

9) + D
*

g

Thus
,

the following holds :



b* (qnDB
*C)

Informally , one can say
that D*P is a

fined point of the formula GADx ,
or

,
a

solution of the equation : D = &XDx

we no study various properties of MLTC,

namely compactness
, completeness , decidability.

Is MLTC compact ?

3$*0 , 26 ,
750 ,

LDDA ,
--- - 3 : An example

of a fin-sat set of formula ,

which is

not satisfiable. The MLTC is a now

contact logic .
Thus MLTC does not have

generalised completenes (Nrqiff NF9).

Is MLTC weakly - complete (rGif #9) ?

Yes
.

In contrast to the methodology

followed earlie in
this course

,
we will

prove ↳ a if & by giving the aniom

by tem first.



Anion system for MLTC :

Anions : 1 .

Substitutional instances of
↑

propositional tantologies
2. D(g + 4) +> (Dq + Dy)

3. B
*

(4 + 4) + (D
=

y + D
*

Y)

4. 1
*

G
+ (qn DD

*

9)

Rule : 1
. 99 + 4

(M .P .) 2
.

+9 (Gen)
Y -Da

3
.

+9 (D
* -Gen) 4

.

+9 - DC (2nd)
-D

*

9 rq - B*

H .W
.

Prove that the aniom system is sound
.

Claim : The anion system is complete.

Let us now prove this cla im. As earlier

we
need to show that

every
consistent

famla is satisfiable . (notice the difference
·

in statement). Why ? ·



What we will show below is that every

consistent formula is satifiable in a model

of some bounded size ·
So

,

in addition

to getting completeners for MLTC we

will also get strong finite
model property,

which will in turn give us decidability.

Claim : Every consistent formula
is satifiable

Proof: Let to be a consistent formula in

MLTC . Let C1(6) be the least set of

formulas containingp
and closed under :

* <4 = U(g) if EU (e)

* if MXXEC (d) ,

then \r , X3 &(e)
-

* of DTEC(9) ,

then PEU(9)

↑ if B
*

4 EC (9) ,

then S4 ,
DD

*

P][U(a)

Note : By identifying 774 with 4 ,
we restrict

omselves to a finite set CCG)
,

where,

(c(a)) = 0(a))

Down-closed sets



A set A of formulas is said to be down

closed if :

· if 2 p EA ,
then A

&

· of PNXEA ,

the 24 ,
X3 -A

· if VXEA
,
then YEA o

,
XEA.

· if D
*

YEA
,
the EN , D

*Y3EA.

· if D
*

TEA ,
then NEA n. ** YEA.

Let Da W

devote the set of all down-closed

~bets of C(9).zus

What would be the Kripke model ?
Consider any formula p .

We define the following
Table am graph

The table ar graph of p ,

devoted by Go
=

(Pp , Rg) ,

where : (A ,
B) E Re iff

SN/DYEA3@B
Note : If D

*YEA ,
then both p , D

*

YEB

(follows from Anion 4)



What properties should this graph satisfy ?

We attempt to get a model graph
that satisfies the different conditions

that we need componding to the model formles

Model graph
Take UC Dg .

The subgraph induced by

U is said to be a model graph if :

11 .

there is AEU ,
such that EA

* 2. for all AEU ,
if DYEA ,

then there

inst BEU
,
such that (A ,B) ERp and PEB.

↑3 . for all AEU , if
*
YEA ,

there inste

a path in 11 from A to B euch that YEB .

Let us now consider the following !

What is exactly the Kripke model at hand ?

Define a valuation function Va ! -2De

as follows : Vp(b) = &A : PEA3.

Thus we have a model My : (Dp , Ra , Vg)


