
Lecture 3
Round variable and free variables

Bound variables : Variables which occur

under the scoke of a quantifier
.

Free variables : Variables that are not

bound.

Ex By pixy : Botha and
y are bound.

Vumy : x is bound
, y

is fee

Set of free variables occuring in time :

FV(u) = \n3
FV(c) :

FV(fitit---tn) = CFU(t)



Set of free variables occuring in formular

FV(t = +c) = Fr(t) UFU(t2)
FV (Et---tr)= FV(tn)

FV(29) = FV(g)

Fv(y) = Fv(g) UFU(Y)

Fr (9Vy) = FV(g) UFV(Y)
FV (g + y) = FV(g) UFV(Y)
FV (g()y) = FV(g) UFV(i)

FV(Vaq) = FV(g))[a]
FV (Ing) = FV(q) 1 ju]

Proposition : Let of
be a formula and (D, E)

be a structure. For any
two assignment functions

Y, Ye , if G ,
and ye agree on FV(G) , on

·

have : (D ,
I, 1) Fo iff (D , E , Y) Eg.



Size of a formula : The number of connective

and quantifies present in the formula.

Proof of the proposition :

We prove this result by applying induction
on the size of the formula & . We

have a domain D and an interpretation

I
.

We also have two variable assign-
went functions Y ,

and ye which
gue

on the free variables of p . To prove :
-

M, = (D , 1 , y .
) Fg off

Base Care : (i) & : =te : Them
,

M , F gift
M

, Ft, = t iff Y , (ti) = Y , (t2) iff

Y(t)) = Yz(t) if MiFLEtz of McEq -

(i) 9 : pit---th : Then
,
M
,
Fgif

M
, Eptt---In if (y , (t) ,

-
- - , . (tz)) < E(p)



ift (Yc(t) .

- - -

, G (tr)) EI(p? ) iff
ME bit---In if McFQ

Induction Hypothesis : Suppor the result
holds for all formulas with size Im

Induction Step : Suppose the size of &
in m +1

Case I : 9 : 74 : M , Fq iff M
, F24

if M, Y iff M2#4 (by I . H .) iff

MzFTY iff MzFQ

Care I : 9 : YAX : M , FG if M
, FNNY

iff M , F4 and M ,
FX off McF4 and MyFN

(by I .M .) iff MrFYNX iff MaFQ

Cre : 9 : Yay ·

M
, FG if M , FVaY



iff for all dED , Mighty #4 if

M2qu + d] F4 for all dED iff MFFaY

if M FC

To prove iff : Take
any
dED. The

we have : Ym(n+ d] (f) = [Em(f) , y+

d
, y

= x

k = 1
,
2.

Also
, FU(q) = FV(N) / [a]

We will be able to pro iff if

we can show that Gigads and Gazed)
age

on FV(4) . Because then
, by I . M.

we will have : Mica-ay FY if MaceyF4.



Nao
, Liquidy and Gazed] agree on

FV(4) as (i) they agree on FV(G)
,

and

(ii) they age on
x .. We note that

FV(9) = FV(4) \923 · Thus we have :

Micay #4 if Megay
#4

Since we have taken an arbitrary dED,
we have that for all d ED ,

M
, gredy

#4

iff Mucaed] FY · Thus
, M

. FVay

if M2FVa4 ,

i .e
, MiFGiff MuFC

This complete the proof.

Why did not we do the car for PVP,

4 - 4 , 944 , 749 ?



Sentences :

A formula which does not have a free
variable

Example : En(Pin) , FaJy (n = y)

Corollary ! Let of be a sentence and (D
,
1) be

a structure. Then
,

either (D
,
I

, G) FG for

all assignments y or , (D ,
E
,y) #4 for all

assignments.Y
↓

-

S

H .W. Prove this corollary :

Wheno is a sentence
,
we have :

I'is true in a structive (D , 1)

((D , E) F q)

& is false the stucine (D , 1)

((D ,
i) F9)



Expressivity of first-order language.

Consider a first-order language 2
,
s .

t.

C = J = On = - . For this discussion,

let us assume
D can

be empty as will.

Witheuch a language we can only
talk about sets (as we cannot but

structure on these est).

- Fr > (n =x) : empty set

- VaFy(x = y) : all eats
with 11 element

- July (n =y) : singleton set

- Fu(x = a) VuVy(x= g) : singleton ret.

- Jujy()(n =y)Nfz(z =xVz=y)) :

ets containing exactly two elements.



- JuJy]z((x = y)n7(y=z)n7(x = z)

& Fr (w = u V =

g Vw
= z) :

nets containing exactly three elements.

Similarly ,
we can expres nets having

exactlyIn elements
, for any finite number R.

Canweenken tcontaing intinga
Notes!

- Here
,
we were only considering sentences.

- They are either time or false in a structur

- We generally say : a formula p is expressing
a class of structives C , say , if the

following holds : MFg iff MEC .

- We will deal with these concepts in more

detailed manner in the went class.


