
Lecture 4
What FOL formulas can express and

what FOL formulas cannot express [
E

Definable relations
in structures

Let ↓ be a first-order language
and let of be an 2-structure.

(A : (D , 1)) ·

An -any
ulation R

on D is said to be definable in A.

if there is an L-formula G , may,

whose fre variables are 1,02
,

--- ,m,

auch that :

(1 , 22
, -.., an) ERiff Actastas, ....,

matan (--in)
for all a

:, a2
,
...,

an ED.

Examples :



1. Q : (1 ,
0

,
1

,
+, %)

()P = (a = a = 03 p(u) : = Jy(n = y y)

b) 1 = (( ,b) = as b] q( ,y) : = Jz(y = n + zz)

2. 6 = (1916 , 23 , <(16) , (2)])
Ledge relation : E)
-

(b) ( b ,c] +(2) : JzEzz

(b) [b] Not definable (no way to

distinguish [b]
and(93

Definability of a class of structures

Let K he a
class of structures

I is said to be definable in an

FOL language I if there
is a

sentence ,
w

, may ,
such that



k = <S : SF r3 E Mod (r)
Example

= Class of all groups ; L : Se ,
* =3

wi = Vafyfz((nxy) + z = mx(yxz)
NFn(a xe) = x)
n Vu((e + u) = x)
XYnJy((n+ y)

= e)

NVa(y((y + v) = e)

To understand what is definable and

what is not
,
let us first discus

distinct structures ratifying the

same first-order formulas :

Two model M .
= (Di Fish ,

) and

Mr = (Dr ,
Is

,
Yz) are fo-equivalent



if for all fo-formulas p , Mike

iff M
= Fo

La fact ,
we
would be more interested

in
the motion of

Elementary equivalence

Two elinctures o = (Do , Fr) and

B = (DB , #g) are said to be elemen

family equi valent if
for all fo-

sentence r
,

A tr iff BFG

We say
: A =B

Proposition : If two structures are

isomorphic ,
then they are elemen

tarily equivalent
Before proving this proposition, let



~ first define homomorphism
between two structures

L : (1 ,
7

,
6) be given

LetA and I be two L-structures

A homomorphism h of it into to

is a function h : Da + Das not

(i) h(F(c)) = Eg(e) for all eC.

his h(fm (as ,

---

, an) = f (h(a) ,

---
- ch(au)

for all -any function symbols,

for all in

(ii) Car ,
---

,
an) EPiff (h(a) .

-
...

, h(n)) Elp

hen all a, --., an E Do

In addition , if h is injective ,

h

is said to be an embedding of



into B . Moreover
, if h is surjective,

ther of is said to be isomorphic to B.

Letod and I be too L-structures

and I be a homomorphism
.

How would the terms behave under h ?

Let Yo be an assignment of variables

in t . Then for any tim
to

n (Yp(t)) = Yg(t) , when typ-hoya
H .

W. Prove the statement above.

Theorem : Let A
,
B

, Y , Yo are given as above

i) Fo quantifier-free formulas p ,
without

equality ,
we have :

(A , YS) Fg if (B ,GE



Proofidea : We prove this by induction on
the

size of 9.
Base case : 0 : pot ,

te-- - In

(A , (a) F q .

iff (A , Ya) E b"t, -- . t

iff (Ga(t) .

- -
-

, Ya(tr)) E by
ist (n(YA(t)) ,

-
-

-

, h(ya(tn))-
ift (JB (t) ,

- - . .

, Yp(tn) Epi
ift (B

, %B) F b
*

t
, ---th

ift (8, B) F &

Induction Hypothesis : Suppose the result

hold for all formulas of size - n.



Induction Step :

q : = 74 ; 9 : = MaX

Complete the kroof !)
This completin the proof of (1)

(i) Consider quantifier fie formulas with equality.

[Assumei is injective]

Proof idea : (A
, Ya) F t ,

= to

if Ya (t) = Ja(tz)
its i (YaCt)) = h (Ga(t)) (in is injective

if yp(ti) = Yp(t)
if (B , Yp) F t ,

=t

(ii) Consider quantified formular (C := up)

(Assume h is sunjective ,
in addition]



Proof : (A , ya) # FnY

=> (o , Yacu+ es) FY for mone dEDa

=> (B , Ye (n+ h(s) #Y (I - H .)

=> (B
, yp) #Fu4

Conveney , (B
, Gp) #Any

=> (6 , Ya (m+
dis) FY fur nome d'ED

=> (8
, Yp(n+ h(d]) #4 to somedEDA

=> (A , JA(a+ a)) FY (I .
H.)

=> (A , ya) + Ja4

This completes the proof for all formulas

What exactly did we knowe here ?


