
Lecture 5
We proved the following result :

Let L be a fo-language .

Let A and $

be two L-structures ·
Let h : Dr+ Do be

a map s .

t . h is an isomorphism

between the structures o
and B

het GA be an assignment function in

the structure A ,
and ly : holy be the

coreponding assignment function in

the structure B .

Then
, for all fo-formula

a , (A , yo) =q if (b , y) Fy

Corollary
:

Isomofline structures are element

tarily equivalent
.

What about the converse ? As elementinely
equivalent studies issuorpline ?

NO ! (Wewouldconduthe studentsenample)
We get to this later.



Let us get to another application of the

result above.

Proposition : Let ↓ be an fo-language and

of be an destructure · Let R be an many

relation on Do such that R is definable

in 2 - Let h be an automorphism onA .

Them : (a ,
---

, an) [Riff (h(a) ,

...

, h(an)) ER.

Proof : Let &( ,

---

, an) be a formle that

defines R in A . Then we have :

(a, , - .., an) ER.

off Agatan--- , mut any #Q

fo Agatha) ,

----

> Nuthat]
F& (by the

no
iff (h(ai) ,

-. ..

, h(an)) ER

This complete the proof. D

H . W. Using this
would show that Eb3 is not

definable in the example on graphs given
unlier .



Another example

Consider thertucture (IR ,) .

Now
,

NEIR.

We show that I
is not definable in IR

,

given the language L having a binary relation

symbol ,
p , say , whose interpretation in IR

is given by < : We show this wing by

wing an automorphism on R : h(r) = 23.

Since h is an automorphism ,
had IN been

definable ,
we should have!

w EIN iff h(n) - IN

But
,

there are elements outside IN
,
which

get mapped in
I. Thus IN is not definable

& D
in (R,).

Till now we have focussed on

fo-language and expressivity .

We will

come back to these concepts , but for now,

let us dive into the other important expect

of any logic ,
that is

, reasoning in



a given language .

To this end we introduce:

(Semantic) Consequence relation
:

M : aset of formulas

& : a formula

We say
thatI is a semantic consequence

of M (denoted by NFP) if for
all word

M.fo
all VEN imply MEq

MEM

Example

H = (bu + qu , qu
+ ra]

q : = pu + rx

To show : ↑FG

We need to show ! for all models M , if MEP,

the MKQ

Take
any

model M : (D ,

I
,Y)



Suppose MFP ,
that is

,

MF Po-qu and MEguera

To show : MF Pn + ux

Let MEDU To show : ME ra.

Since MEP2 , MEg (as MEP + qn)

then
,
M Era (as MF qu + vn)

This completes the proof
D

Now , suppose M = &. Then , MEG means EFG

(we denote by FG) ,

which basically says.

issatisfied by all models'

- A formula o is said to be valid if for all

models M
,
MFP

- A formula y is said to be ratifiable if
there is a model M

,
ouch that MFC

Examples

Consider an fo-language ↓ with C=,F=,

P-Spy ·

Consider structures (D , Em)
,

where



D is a non-emptyet
. We can have varium

interpretations of p2.
time = Vattybig

I
,
(b2) = DX D S

formula
Y

In (p2) = E <
true

X 92 := July + Big.
formula

time
Es (b) =areaan former & := Fuzy Pay.

(for each &ED ,

there is a

d'ED n .

t
. (d ,d') [Fs(pt))

Examples of valid andsatisfiable formulas

- Un Vy (big V < piny) valid

- EnYy (py <piny) true in

only empty
wo del

- JaJy (ping 17 piny) umsatisfiable

H .
W.

1. Let T = 99 , 193 .

Then show that PEY

for all formulas in



2 . Show that if ET ,
then MFQ

3
. Let o be formula . Then

, o
is valid

iff 20 is not entifiable. Prove the

statement

4 . Let RCM
and NEG. Then show

that M2 FP .

5. If ME8 for & EX and G FG ,
then

PFg .

6
.

MUS93 FY if MFQ + ↑.

Prov a disprove

7
.

Check whether the following formulas
one valid :

(a) (n (px
+ (qx + px)

(b) [ubu Jugn) -> In (PwMqm)
() Vu (paV

- qn) -> Empa VUnqu)


