
Lecture 6
The use/abuse of the symbol F

MF G MFg

Coatisfies Centih)

Models and Theories

- Given any formula & , define Mod(9)

= EM : MEG3 .

Given a
set of formulas

M , define Mod (M)
= &M : MEMS

- Let K be a clase of models. The theory

of K ,

devoted by Th(K)
= Eg : MFG

for all models
M in KY ·

1 .

Let M ,
Mr be two sets of form las

not
. M

,
CF2 · Then : Mod (4) [Mod (2).



2. Let K, is be two clame of models

not . K
,
< K2 · Then : Th (K) 2 Th (12)

Consequence of a set of formulas.

Let M be a set of for mule. Then

consequence of M
,
denoted by Con (M),

in defined an
Con (M) = Th (Mod (t).

Proposition : LetM be a set of formula

and a be a formula.
Then : GE Con (i)

if MEG .

H .
W

.
Prove this proposition.

H .

W
.
Prov the following properties of Con (t).

② MC Con (r)

②If M
.
CM ,

then Con (M) [Con(tr).

③ Can (Con(t)) = Con(r)



What doe it mean to
say

that M ?

T #G iff there is a model M
,
st

.

MFP and M#9

iff there is a model M
,
st MFP and MF19

iff there
is a model M

,
r .
t

. MFMU[19].

iff MUS19] is satisfiable.

More on satisfiability.
Let M be a set of formulas and o be a formula

- o
is satisfiable if there is a model of 9

- M is satisfiable if there is a model ofN

Example

Consider an fo-language L with relation symbols :

b pr ,
bi , -...

2 . N = Spx] ·

So ↑ satisfiable ?

To answer in the affirmative ,
we have to

find a model (D ,
I

, Y) n .

t
. (D ,
I

, Y) Fir

② D = 24 , b] · [(p) = (a] , Y : V + D : G(y) = a full



Then
, (D ,
I

, y) E pic ,
as Y(x) E I (b !

)
.

Thus
,
M is indedsatisfiable

2
.

N = Spir ,
< pin] ·

So ↑ satifiable ?

P is unsatisfiable

3. M = 36,2 ,
bin ,

1 (pinb2x)3
M is nu satisfiable

4 . M = 3 bi2 ,
plas , bir ,

7 (pis & phaNp2)]
M is unsatisfiable.

Similarly ,
we can find unsatisfiable sets

of formulas of any finite size R with R& 2.

What about infinite sets of formulas ?

In the same way , if a set has any

ofthe above finite collections of formulas.

Now ,
suppose M is an infinite pet of

formulas sit .

all finete subsets of M

are satisfiable.



What happens in this care ?

Compactness Theorem of F .

O . L.

LetM he an infinite set of formulas.

Them ,

M is ratifiable off every finite
subset of M is satisfiable

Non-trivial part : If M is finitely satisfi-
able(fin-sat) , then M is satifiable (sat).

How does this result connect withthe

con sequence relation ?

① IfT is fin-sat ,
then ↑ is sat.

② If MFP ,

then there is a finite subset

E of M ,
e .

t . MFG.

Result : ① iff ②

Proof : 0 = ① : Let t be fir-eat .

To show that

↑ is sat . Suppose not
. Then

,
MEG for all

formulas of
. Then

,
there is a formula I,



say ,
e .

t
. NE4 and NFT4· So

,
there are :

- TEfit st . Mit Y Jay
- T2 Eit et . TzFIN

So
,
N

.
UT2 FNA 74 ·

Thes
, MUNEfint

and M, UMa is notsatisfiable , a contrar

diction . Hence ,

the result

① Q : Let MFP .

To show that

there is Eit t . EFC Suppose

not . So
, for
all ↑Ci P , #9 .

So,

for all ME FinT , EUS19] is sat. .
Then

, by

① MUS193 is sat.
.

Then
, ↑#4 ,

a

contradiction . Hence
,

the result
.

This

completes the proof. Al,

More applications of Compactness Theorem

1
.

Let I, be a set of sentences having
arbitrarily large finite

models .

Then

,

So has an infinite model .



Proof : Let D = Ed ,
dr

, ---- } be a countable

collection of new
constant symbols

not occuring in S.
Consider D

= [U(z(di = dj)/vjEN , itj]
Now

,
I is satisfiable .

So
,
Se is

finitely satisfiable
. Take

any finite

subset of [7(di = dj)/i , jEI , itj3 ·

Such a finite subset will be satisfiable

in some model of I .

So
,

we have

thatW is finitely ratifiable
. So,

by compactnes theorem ,
I is satisfi

able . But
,

a
model of t will

contain infinitely many
elements.

Now
,
G &D

.

So
, any

model ofD is

also a model of 2 . Thus
,
S has an

infinte model . This complete the proof.


