
Lecture 9

Before proceeding any further ,
let us

introduce some notations :

The sequence 9 .. 92 ,

---

, quEG) which

we mentioned in the definition of
MTG is termed as a proof ofo from
↑.

This to prove MFG ,
we basically med

to apply
induction on the length of

theproof ofa from N.

Base Case : When w = 1 , QuET or

In is an anion

- if OEM ,
then of course ,

NF On

-if gu is an
anon

,
we would have

↑ F On ,
if we can show thatIn is

a validity
* We need to check that all anioms are validities :



Induction Step (n = m + 1
=

m > 1) :

In can be () a member of M

(ii) an accou

(i) obtained by a application
of some rule of inference.

We have already evenhow to tackle

Cases () and (i) . Now we move on to Case (i).

* To take care of Case (iii) ,
we need to

show that if any
model satisfies the

premises of a rule
,
it would alsosatisfy

the consequence of the rule.
In other

words
,

we way that ,
reles preserve

consequence relation.

Thus to prove Soundness ,
we show .

!

() Anions are validities.

(i) Rules preserve consequence
The proof then follows



Proving Soundness (if MG ,
then MEG) :

We prove by applying induction on the

length of a proof of 9 from M.

Base Case : n= 1

Then & is
either an anion o

,
a member oft

Then we have that MF4 (eee above)

Induction Hypothesis : (n[m)
The result holds when the length ofproof of

& from M is & m

Induction Step : n = m+

Then 9 is either an ancom
, or ,

a number of p
I

a obtained by an application of some
rule.

The first two casse have already been
dealt

with in the base case. Now , suppose that

of
is obtained by some rule of the form :

↑,Y , - ..,Y
· Then ,

M
,
Y
,

· - .

, Mp have

↑ (= a)
occurred in the proof of 9 from M .

So
, by

I .
M , we have NEX

,
NFY2 ,

-
. .

, NFYK

Since ,
the rule prees consequence ,

we



have MEM , that is
, MFG . This complete

the proof. D

Now we have an understandin of whatg
roundnes means ! If NG thePFG
The converse part (If PFG then Mt9)
is what we call the completeness result.

What happene if M = .?

Soundness : If & then FQ

Completeness : If Eg then +Q

Note : When IG ,
we say

thato is a theorem

In othe words , from the definition of MTP ,
with M = I ,

we have the following :
If if there is a sequence of formulas

91 ,
92

,

-

, qn(=6) ,
pot .

each Gi is eather

a anion o
,
obtained by the application

of some
rule

.



Classical Propositional Logic.

Alphabet
- Sp , 1

,
2

.

V
, n ,
+,
e) , 413.

We will use the following abbreviation !

p followed bya s is denoted by pr

Let P denote a countable set of these

propositional variables pro

Language
:(2)

9 Y := Onky(qVulgnya +49eY

atomic
formular

Model :

V : P-50 , 13
,

a function from the set

of propositional
variables to 50 , 13 .

We

call this V an a "valuation'.

Claim : Any V : P-90 , 13 can be uniquely
intended to V : 2 + 20 , 13.



Vl
L

V
=20 . 13

P

We consider the birth table :

7 ① I 10 . 1 10 1

↑ 0 O iio1090 9 O 10 I 1 o I

They
intend a valuation to the whole

language
Example

Consider a valuation V
,

e .

t
. V(P) = 1,

VLD2) = 0
,
V(Ps) = 1 .

Then :

v ((b ,
vpo) + (2) = 0

:
V' (prp) + P2) = 0

v'(p ,

+ px) + pz) = 0 .

* Since V can
be uniquely extended

to VI ,
we will demote VI by V.


