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21.07.2026

Ali will study concepts involving mathematical

reasoning Let us start with a

guessing game

Guessing a number

1 2100 Y

2 450 N

3 75 Y
4 462 Y
5 even Y
6 756 N

Guessing a group
1 even order Y
2 abelian Y

3 cyclic

NGuessinga graph





































































1 Is it a tree N

2 Is it a cycle Y

Natural numbers

0 t I

a cb x at n b A 7 2 0

Groups

e 1

Vaty a y y
n

Graphs

E edge relation

Katy n Ey y
En

What are the common symbol in all these

impressions

7 A V connectives





































































quantifiers

equality not always

Ni N2 Ns variables

1
bracketsCommon

symbols that we use to talk

about mathematics

Language of natural number

left05cdotright
equality

symbol.constantsymbolrelationsymbolfunction
symbolsLanguage

of groups

leftu1right
constant
symbolfunction

symbolLanguage
of grabls

E relation symbol predicate symbol





































































First order language

Parameters of the language C F P
C a countable collection of constant symbols

F a countable collection of function symbols

P a countable collection of relation symbol

To each function symbol and each
relation

symbol we associate a number denoting

the arity of the corresponding symbol

for any t.LT f denotes the arity off

for any PE P p denotes the arity of p

Then we have the alphabet of our first
order language consisting of the common

symbols above and the parameter Now

we are ready to describe the words and

pen linees





































































Formulas

Any primitive formula is a formula

If q and y are formula then so are

79 9 4 guy p y pay

If a is a formula and a is a variable

then nQ Fap are formulas

What is a primitive formula

Let us consider some examples

2nt3y 7 2 n 5m 5nt7y Terms

2n 3y
5 78 Formulas

7 2m 5 m 0

Terms

Any variable is a term

Any constant symbol is
a term

If ti.to tu are terms and f is an n ary

function symbol then f tie tn is a term





































































Primitive formulas

If t.it tn are terms and p is an n any

predicate relation symbol then p t.tn tu

in a primitive formula

If ti te are terms then t tz is a

primitiveformula

Examples on numbers

nty
term

n y term

n
y y z formula

In y
n y formula

n a A 7 n n formula

First order logic Syntan

Alphabet A

C ci.cz 3 a countable collection of
constant symbols





































































F f fi a countable collection of
function symbols

P p biz a countable collection of
predicate symbols

V ni ne a countable collection of
variables

equality symbol
7 A V connective

quantifiers

brackets

Terms T

t ni Cil fiftite tij c E C no EV

Formulas F

9,4 t to p it t e pay pry

9 4 p 4 V a 9 a a

trET for all k





































































First order logic
Semantics

D a non empty set domain

I interprets the parameters of the language

IlefteirightinDuiinl
IleftfinrightDtimesldotstimesDrightarrowD
n times

IleftpinrightsubseteqDtimesldotstimesD
n times

leftDIright a structure

Groups

llefteright 1 Jleftf12f21right pPhi
DG say Ileft1righteGIleftdelta12rightGtimesGrightarrowG
Ileftf2rightGrightarrowG





































































Numbers

lleftcrightJleftf1f22f32right 1 Pleftp12right
DmathbbNcdotIleft1right0cdot i Ileftt1rightSIleftt22rightt
Ileftf32right0Ileftp12right

Now we need to give specific meaning
to the variables in the domain D Wedo

that by considering
an assignment function

fVrightarrowD Together we have

leftDIyright a

modelClaim
Let yVrightarrowD

be an assignment
function Let yJrightarrowD be defined as

follows leftirightyleftxrightyleftxright for all xV

glefterightIlefterightleftii1rightyleftfin1ldotstnrightIleftfinrightleftyleftt1rightldotsylefttnrightright
Then Y entends by

uniquely.HW Prove the claim above in details





































































Let us devote y by ly from now on

We are ready to define

D I G F 9
Testifies forimler

1 D I G F t tz if f
t G t

2 D I G F p t tn it G t ly tn EI P

3 D I Y F 79 if it is not the case that
D I G F 9

4 D I y F Q V4 if D I G Fg or D I G FY

5 D I G F 9 A 4 if DF G Fp
and D IG FY

6 D I G F p y if DIG Fp
implies D IGFY

7 D I G F p y if PTGFpiff D I G FY

8 D F G F nQ if for all d ED
D I Yeah 9

9 D I Y F Ing if there inists deD
p.t D F G nad Fp





































































How do we define yleftxdright

yleftxdrightVrightarrowD defined by

fleftxrightarrowdrightleftyrightbeginmatrixdifyxyleftyrightinfyneqxendmatrix
Notations

MleftDIyright i MleftxdrightleftDIyleftxrightarrowdrightright
HW Prove the following For any model

M and any formula qpsi
a M F Vap 17m79

b M F p y iff M p or MFY

c M F Q V7 q
d MF qv psi nGpany
e Mt leftvarphileftrightarrowpsiright qty Ytd


