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Explaining Lowenheim Skolem Tarski Theorem

A general version
a het lceil be a satisfiable

set of formulas in a language of cardinality
lambda Then lceil is satisfiable in a model of
cardinality leqlambda

b fit lceil be a satisfiable

set of formulas in a language f cardinality
lambda such that lceil has an infinite model
Then for every cardinality kappageqlambda Gamma has
a model of cardinality K

A corollary Let Gamma be p satisfiable set

circf formulas havin g
an infinite model Then

lceil has a countably infinite model

Proving DLS Theorem via Compactness Theorem

Proved the part a for the countable

language and did not mention finite
Question Can the model constructed via CT befinite



Proving Los Vaught Test

Missed the very important
assumption

that T does not have any finite models
while using the corollary

Proof systems for FOL

We discussed three proof matins forCPL

Hilbert's axiomatization Natural Deduction

and Sequent Calculus Let us do the same

for FOL We have already discussed

Hilbert's axiomatization and proved

completeness for FOL Now it's time to

discuss the other two
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Examples

1 Derive forallxnegforallynegPleftxyright from forallxnegforallyPleftxyright
Qleftxyright

forallexistsleftPleftcdrightrightfracleftforallynegPleftryrightrightnegPleftedright frac1ruler

Phileftadright Assumption

forallI
PleftcdrightQleftcdrightforallxnegforallyleftPleftxyrightrightarrowQleftxyrightright

rightarrowE

forallE

i forallyleftPlefteyrightQlefteyrightrightnegforallyleftPleft4yrightQlefteyrightrightnegI
negforallynegPleftcyright forallI
forallxnegforallynegPleftxyright



2 Derive In leftPleftxrightwedgenegRleftxrightright from
existsxleftPleftxrightwedgeQleftxrightright and negexistsxleftQleftxrightwedgeRleftxrightright

leftPleftarightwedgeQleftarightright
Qleftaright

LambdaE2leftRleftarightrightQleftarightwedgeRleftarightexistsxQleftxrightwedgeRleftxrightnegwidetildeRleftarightPleftarightwedgenegRleftarightexistsxPleftxrightwedgenegRleftxright
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existsxleftPleftxrightwedgeQleftxrightright
existsI

existsnegE
existsxleftPleftxrightwedgenegRleftxrightright

An application of
alphaleft4xrightbeginmatrix11vdotsendmatrix

existsxalpha beta
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Sequent Calculus

We only discuss
the quantifier rules here

GammaalphaleftnicefracyxrightDelta
GammaforallxalphaDelta
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y isolation

RL

Gamma1alphaleftnicefractnrightDeltaGammaforallxalphaDelta
Gamma1alphaleftnicefracyxrightDeltaGammaexistsnalphaDeltaL l R

fracGammatalphaleftnicefractxrightDeltaGammatexistsxalphaDeltawhere y is not

free in the conclusion

Examples

1 Ax

PleftfleftyrightrightPleftfleftyrightright

forallxPleftxrightPleftfleftyrightright
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forallL

forallR
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fracPleftxrightPleftxrightAnWL

fracPleftxrightQleftxrightPleftxrightleftPleftxrightwedgeQleftxrightrightPleftxrightwedgeL
forallL

fracforallxleftPleftxrightwedgeQleftnrightrightPleftxrightforallxleftPleftxrightwedgeQleftxrightrightforallxPleftxrightforallR
betabeta AnAnWR alphaalpha3
alphabetabetaWL

alphagammaalphabetaalphaalpharightarrowbetabetaalphaforallxleftalphabetarightbetaalphaforallxleftalphabetarighttforallxbeta
rightarrowL

forallL

n is not
free in α

forallR

rightarrowR

beginmatrixforallxleftalphabetarightalphaforallxbetarleftforallxleftalphabetarightrightrightarrowalphaforallendmatrix xbetarightarrowR
x does not occur

free in propto
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PleftxrightPleftxrightPleftxrightPleftxrightQleftxrightPleftxrightPleftxrightveeQleftxrightPleftxrighttexistsxleftPleftxrightVQleftxrightrightexistsxPleftxrighttexistsxleftPleftxrightVvarphileftxrightrightexistsxQleftxrighttexistsxleftPleftxrightVQleftrightrightexistsxPleftxrightVexistsxQleftxrightinexistsxleftPleftxrightVQleftxrightright

Similar

In the next class we will continue

with the study of proof system in

CPL and FOL


