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Normal forms in CPL

We will describe CNF conjunctive

normal form DNF disjunctive

normal form and NNF negation
normal form To start with a

literal is either an atomic proposition

b or its negation if

CNF A formula C is in CNF if
it is a conjunction of clauses and
each clause D is a disjunction
of literals

Lbnegp

DL LVD

CD IDNC
Examples i leftnegqveepveerrightwedgeleftnegpveerrightwedgeq

i leftpveevrightwedgeleftnegpveerrightwedgeleftpveenegrright



Why do we want formulas in CNF

It is easy to check validity of formulas

DNF Can be described dually as

disjunctions of conjunctive clauses

Examples C gap wedgevveeleftnegpwedgevrightveeq

NNF A formula N is in NNF if

the negations occur only in front of
atomic propositions

Examples i leftnegpwedgeqrightwedgeleftrnegsright
Result Any CPI formula is equivalent

to a formula in CNF DNF NNF

H W Prove this result

Resolution

This gives a proof system with no

axioms and only one rule



negbetaveeValphaVbeta
Re

alphanugamma

This rule is clearly sound
It turns out that this is all you

need

at least to prove that a formula is

unsatisfiable that is the system is used

for refutations rather than proof

Given ltimes is a a satisfiable

Negate the formula to be refuted
Convert it to CNF

Apply the Res rule repeatedly until_either

cannot proceed further M have derived a

contradiction

What do we achieve here

If we derive a contradiction then F α

If the procedure gets stuck we have produced

a counter model for α

The procedure is guaranteed to stop



The main idea

Each propositional formula x defines h

Boolean function falphaleft01rightleftpalpharightrightarrowleft01right where Palpha is

the set of all propositional variables in
propto

It Palphaleftp1ldotspkright we can envision

falpha as a Boolean table with 2k rows and k1

columns
To find models rfalpha we only need

to consider rows with the last column entrybot

Each such now can be given by a

formula betagammaLambdai1kgammai where gammaipi if the ith

column entry is 1 and vinegpi otherwise

We can check that FalphaleftrightarrowVr1betar Such

a formula is in DNF

We then have a CNF for 72

Example leftleftpveeqrightwedgeleftprightarrowrrightwedgeleftqrrightrightrightarrowrleftalpharight
We want alpha to be refuted We consider 72

What is 7alpha in CNF

negalphaleftpveeqrightwedgeleftnegpveerrightwedgeleftnegqveerrightwedge Tr

aner
V rain



We have 4 clauses 1 pVq 2 7pvr 3 7qVr 4.72
5 Resolving 12 we get q VV

6 Resolving 35 we get r

7 Resolving 46 we get frac1

Thus we have Falpha

Resolution with quantifier FOL without

Resolution is similar for FOL but what

does one do with the variables

Suppose we have forallxleftPleftxrightQleftxrightright and Pleftcright

We could substitute c for a and get the

clause negPleftarightveeQleftarightPlefteright and apply proposition

at resolution to get Qleftcright
The key is to find a proper substitution of
variables

We can think of substitution as partial maps
from variables to terms

We will write them as h set af pairs
Suppose

theta O denote substitution
Given a substitution theta we can lift it
to a map on terms one needs to be careful



Two terms t and t2 are unifiable if
there inists a substitution v such that Qleftt1right
thetaleftt2right In this case theta is said to k
a unifier of t1 and t2

Examples 1 t1x t2y

leftxyright is a unifier

leftynright is also a unifier

leftleftxcrightleftycrightright is one more and a simpleone

leftleftxfleftzrightrightleftyfgleftcrightrightleftzgleftcrightrightright is a more

complicated unifier

Most general unifier We say
theta is a most

general unifier leftmguright of terms t and t2 if

for all unifiers theta1 of t and t2 there exists

a substitution theta2 such that theta1leftt1righttheta2leftthetaleftt1rightright and

theta1leftt2righttheta2leftthetaleftt2rightright
1 mguleftfleftxrightfleftcrightrightleftxcright
2 mghlefthleftfleftxrightygleftxrightrighthleftfleftxrightxgleftxrightrightleftxyrightleftyxrightright
Thus mgu is not unique

3 mgnlefthleftgleftfleftvrightrightgleftxrightrighthleftxxrightright

Examples



leftleftngleftfleftvrightrightrightleftuflefturightrightright
4 mgn lefthleftxfleftxrightrighthleftxxrightright

No mgn exists

Resolution for FOL

VP P VV

LVV
Rrtheta where

O is an mgu for β
and beta2

Questions

What does it mean to say
an mg y

literals

How do we have β β as literals

Note We already know how to get CNF's

But how to deal with quantifiers

Preven normal form



An fo formula varphi is said to be in preven

normal form if it is of the form

Q1x1ldotsQxxnpsi where Psi in quantifier
free

Result For any fo formula varphi there is

a logically equivalent formula
in prener

normal form

The main_idea is to use the following

logically equivalent formulas

Qlleftaright negforallxvarphi n79
negexistsxvarphi V nip
forallxvarphiwedgeforallx Y foralln anpsi

Q1leftbright
Q2leftaright

varphi2leftbright
93 ca

Q3 b p nY a 9 14

G 4 a
nq 4 existsxC a 14

Q 4 b np 4 foralln p 4

existsxqvee ny existsx veepsi

q forallmy
forall a 9 14 n is not

free in

a is not
free in



H.W Prove the statement

Example forallxleftleftexistsyRleftxyrightwedgeforallynegSleftxyrightrightright
rightarrownegleftexistsyRleftxyrightwedgePleftxyrightright
forallxleftleftforallynegRleftxyrightveeexistsySleftxyrightrightright

VleftforallynegRleftxyrightVnegPleftxyrightright
forallxforallynegRleftxyrightveeexistsySleftxyright
VforallynegRleftxyrightveenegPleftxyright

forallxleftforallynegRleftnyrightveeexistsySleftxyrightveenegPleftnyrightright
One more idea Standardize apart

the variables

leftrightarrowforallxleftforally1negRleftxy1rightveeexistsy2Sleftxy2rightveenegPleftxyrightright
leftrightarrowforallxforally1existsy2leftnegRleftxy1rightveeSleftxy2rightveenegPleftxyrightright
Q1xvarphiopQ2ypsileftrightarrowQ1xQ2yleftqofpsirightwith xneqy
x not occurin g in Psi

and y not occurring in
varphi



Skolemization
Consider foralln1ldotsforallxkexistsyvarphicdotleftkgeq0right

k0forallx1ldotsforallxkvarphileftnicefraccyright e is
a new

constant
symbol

k0 Choose a new k any function

symbol f and write

forallx1ldotsforallxkphileftnicefracfleftx1x2ldotsxkrightyright
Repeat this process until all exists

are eliminated

Drop the universal quantifiers

Convert to CNF

Example I existsxforallyexistszRleftxyzright

RightarrowforallyexistszRleftayzright
RightarrowforallyRleftayfleftyrightright

leftRleftayfleftyrightrightrightRightarrow



Skolemization does not preserve validity

FPleftarightexistsxPleftxright
PleftarightPleftbright

Skolimization preserve satisfiability and
Checkunsatisfiability

Why does it make sense of talking
about

mgu's of atomic formulas

The idea remains the same only fuction

symbols are replaced by predicate symbols

Example After PNF and Skolemization procedin

u I suppose we have the following
1 PleftnrightveePleftfleftnrightright
2 negPleftvrightveePleftfleftomegarightright
3 negPleftxrightveenegPleftfleftxrightright
4 PlefturightveePleftfleftwrightright Resolving left1rightleft2right with

vflefturight
5 Pleftfleftomegarightright 1 Factoring 4 with nfleftwright



6 negPleftfleftfleftyrightrightright Resolving 3 and 5 with

wy xfleftyright
7 bot Resolving 56 with wfleftyright

What does factoring mean

Factoring basically collapses two or more

literals into one by application of mgn

Remarks In this discussion we have

presented one more proof reputation

system for CPL FOL which aids

is checking un satisfiability of
formulas Such methodologies have

been applied in SAT solvers
among

others

Can we always do this for FOL
What problems do we face


