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Syntax and Semantics

Fundamental idea in Logic

» Syntax is an abstract symbol. Semantics is the meaning we are attaching to syntax.

* Number vs Numeral
* Programming languages vs their natural language understanding.
* A nice quote by Boolos, from Logic of Provabiliy:

“Caution! (e.g.) 1 is a symbol. What sort of thing the symbol L

IS, whether it is a shape with a stem and a base, or whether it is a
set or a number, or something else entirely, we have not said (and

need not say). ‘L’, in contrast, is the name of _L (and is itself also

a symbol, maybe the same one as L, maybe not); ‘L’ definitely does

have a stem and a base.”
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Peano Arithmetic

‘God made the natural numbers, all else is the work of man’ —Kronecker

e Language: L =(+, X, S, 0)

o Structure: The usual set of natural number N, where + and X have usual
meaning. S : N — N is the successor function. About notation:( - )refers to

an abbreviation of a term in &£. For example: 2 = §50.

 Example sentence:
W, = Ve ((Even(e) A Av(S§S0 + Sv = e)) = dn,;dn,(Prime(n,) A Prime(n,) A n; + n, = e))

L Wlbﬁy W p(d,x) :=3dg(gxd) =x

Prime(p) =~(p =S 0 AVd(p(d,p) > (d=S0vVvd=p))
Even(e) := p(550,¢)
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Peano Arithmetic

‘God made the natural numbers, all else is the work of man’ —Kronecker

1. Vx(0 # Sx)
2. VxVy(Sx =Sy - x =)
3 ‘v’x(x 10 = x) Robinson Arithmetic
| (Q: Vx((x =0) = dy(x = Sy)))
4. VxVy(x+ Sy =Sk +y)) vl Pavsble S @ i
froker Sxunle usadd be : QF M LO02)= 2
d. VX(XX()=O) bui)fuhaﬂmé“] Cﬁ!—oﬂ—as%.\/\lw

4 - o okilily
6. xXSy=UXy)+x iy Tk Sthome: b

7. Induction Schema: p(0) — Vx(p(x) — ¢(Sx)) — Vg
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First Order Logic of

Peano Arithmetic

1. All the propositional axioms mentioned eatrlier.

2. Vx(p — v) = Vxp — Vxy

3. Vxop — ¢, (f) tis substitution for x in ¢ Qo (£) Js Home 2b Q&‘L’/ZQ

4. Vx(x = x)

5. x=y —t=1 wheret'is obtained from t by replacing one occurrence of x by y

6. x =y — (@ = @) where @ is atomic and ¢’ is obtained from ¢ by replacing one occurrence of x by y
Y ¢ =y
v

(MP)

P
Vxgp

(Gen) Where x is not free in any active premise
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First Order Logic of

Peano Arithmetic: What is a proof?

A proof or derivation of ¢ in PA, denoted as PA - ¢ is a finite sequence:

Such that each element is either an instance of the axioms in PA or an instance of the
logicalaxioms oris a result of Modus Ponens of earlieretemenis in the sequence or an

application of an Generalization of earlier statement and the last element ¢, is ¢, the
formula that is to be derived.
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First Order Logic of

Peano Arithmetic: Example proof of VyVx(Sx +y = S(x + y))

1.PAFVx(Sx+ 0 =35x) byPA3

2.PAFEFSX+y=8+y) > S5x+Sy=850x+y)=585x+vy) =Sx+ Sy)
by PA4, antecedent

B.PAFEVYWx(Sx+y=8&x+y) = Sx+ Sy =5x+ 5y))

4. PA = VxVy(Sx+y = S(x +y))
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First Order Logic of
Peano Arithmetic: The notion of Provability

- Suppose we have a relation Prf(x, p), which takes in a proof x and tells us
whether it proves the statement p and it can be represented inside PA.

Prfx, W{’ hfﬁfg Lﬁ;if@% 7
- Let, Prov(x) := dyPrf(y,x) and U(p) := = Prov(diag(p)).
- Where diag("p") ="d(y="¢ A @) . Now please focus on this
G :=3Ay(y="UTAU®Y))

essentially it’s saying ® is equivalent to U(" U) which is essentially,

“Prov("U("U™M)7), but that is 7 Prov((®) ° 61 ~J /:/Pm(;@ldb |



Godel’s First Incompleteness

In a rather incomplete fashion...
~ If PAis sound then PAF® and PAF¥—®. How?

. Notice N E & iff it is not provable in PA

» However, what about the extensive discussion regarding “purely symbolic manipulation\”?]

¥ Was this argument of symbolic nature? K _ /< _
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Godel’s First Incompleteness

In a rather incomplete fashion...
. If PA is sound then PAF® and PAF¥—-®. How?

. Notice N E & iff it is not provable in PA
- However, what about the extensive discussion regarding “purely symbolic manipulation”?

» Was this argument of symbolic nature?

- Inconsistency(of a theory): There is a formula ¢ € &£, such that PA = ¢ and PA F .

» Consistency: not Inconsistent.

- w—inconsistency: there is p(x) € £, such that PA F dx ¢(x) and foreverym € N, PA - —@p(m)

« w—consistency : not w—inconsistent.

- Fact: There are consistent but not @w—consistent theories of arithmetic. (Consider PA + —9}c.tec by Notein



Godel’s First Incompleteness

Still in an incomplete and offensive fashion...

If PA is consistent then PAF®

If PA is w—consistent then PAK—~®
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