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Primitive Recursive(p.r) Functions )
A collection of functions of form f: N* - N fors&g@n e N

- Every Z : N" — N which are identically zero is in p.r.)‘%ﬂ EN
» Foreach 1 < k < n, the function P}’ : N" — N defined by (x, x5, x3, **-, X,,) = X is in p.r.
+ S :N — N definedasn — n + lisin p.r.

+ Iff:N"—> Nisinprandforeachl <k <n, g, :N"—= Nisinp.r,then 2 : N” = N isin
p.r where /1 is defined by

h(x19x29 °"9-xm) Zf(gl(xlaxza '"9-xm)9 gZ('xlaxza “‘,Xm), ! gn(x19x29 '"9Xm))

. If g : N"™? — Nand & : N*~! = N are both in p.r, then f : N* — N is in p.r where,
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Primitive Recursive(p.r) Functions

h(xi, Xy, ==, X, _1)
* fx+ 1x,x,_ () =

g(xaf(xa xlaxza '"9x)9x19x29 "t
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Primitive Recursive(p.r) Functions
Some examples:

1. Add(m,n) : N* > N
Add(0,n) = P}(n)
AS m,n)=3So P;l (m,Add(m,n), m, n)
2. Mult(m,n) : N> -> N
Mult(O,n) = Z(n)
Mult(S m,n) = Add o (P;l : Pj)(m, Mult(m,n), m, n)
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Primitive Recursive(p.r) Functions

Another way to look at it

- Take the multiplication example from the previous slide. Suppose we want to
calculate Mult(3,2). We can go as follows:

e Mult(0.2) = 0, Mult(1,2) = Add(Mul#(0,2).2) = 2,
Mult(2,2) = Add(Mult(1,2).2) = 4 Mult(3,2) = Add(Mult(2.,2),2) = 6.

» Couple of things : (1) Finite List. (2) Does it look like something familiar to
something that you had probably done in a programming course?
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A, sentences @@% - Ch. 2 Q

Nice Sentences

. Ifoand tareterms,theno=tando<tarein A,
. If @ and y arein A, so are their boolean combination and their negation.

- f@isin Ay then Vx <7 @and dx < 7 @ arein Ay Where Tis a term and x

s free in @.

. . Fact: PA is decides all A sentences!
- Nothing else is.
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2.-sentences
Almost nice Sentences

. Any A formulais a 2, formula .

+ Ifpandyarein2,,soare@p Ayand @ V

» If@isin 2y, then Vx <7 @and dx < 7 @ arein ;. Where risaterm and x is free in @.
.+ If@isin 2, sois dx ¢ where x is any variable free in @.

+ Nothing else is 2.
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First Order Logic @@%ﬂw Ch- S “ )

Function capturing In a theory T and function expressing in a Language

- Let, f: N — N be a function from natural numbers to natural numbers.

-—7

- We say a theory T captures f : N — N by a formula ¢( -, ) if:
wm o € N
1. T = @(m, n), if f(m) = n. —7 SJM%&%L ’Y\/mlﬂem

2. T+ dlyp(m, y)

- We say function is expressible in & if:

A.N F @(m, ), whenever f(m) = n S Sp/wwn\n Neke

B.N F —@(m, n), whenever f(m) #n | Wi Created by Notein
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First Order Logic

Function capturing In a theory T and function expressing in a Language

- Let, f: N — N be a function from natural numbers to natural numbers.

- We say a theory T captures f : N — N by a formula ¢( -, ) if:

1. T+ o(m, n), if f(m) = n.

Fact 1: PA can prove true 2, sentences.

' _ Fact 2: p.r functions are expressed by 2,
2. T+ Alyp(m, y) Fact 3: Hence PA can capture p.r functions by

2| sentences

- We say function is expressible in & if:

A.N F @(m, ), whenever f(m) = n

B.N F —@(m, n), whenever f(m) # n Wi Created by Notein



Pulling the meta-theory inside formal theory

= A 5,‘,
Some tools... A |

AN = A 2
- Symbols we have: A AYL 2 2= 7 Cﬂ'*)“@)

J_9_>9V9:9O9Sﬂ +9 X’(?)

. We can put Godel numberingas 1, 3, 5, 7,9, 11, 13, 15, 17 and 19. Rest of the Odd numbers
are for variables. Something like this: Tv, 1 :=2 X1 + 21

- Thenfora formula™ Vyy(vi =500 X vy — L) —> 1L 1=
27V %3 x5 U T x 11T x13° x179"' %199 %23 %' %29 7' 'x31't'x37) 'x41 7 'x43 +

=P x 3 x5 x 7P x11"x 131 x 177 x 197 x 2321 % 29° x 311 x 3719 x 413 x 43!
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Revisiting to p.r. functions@g. Ch-14 )

For loops in disguise...
» A relation P(X) is a p.r. relation, if the characteristic function is a p.r. function.

» If f(X) is an n-place p.r. function, then the corresponding relation expressed
by f(X) = yis an n + 1-place p.r. relation.

* Any truth-functional combination of p.r. relations is p.r.

* Any relation defined from a p.r. property or relation by bounded
quantifications is also p.r.

o If Pis a p.r. relation, then the function f(n) = (ux < n)P(x) is p.r And
generalizing, suppose that g(n) is a p.r. function; then

f'(n) = (ux < g(n))P(x) is also p.r.

* Any function defined by cases from other p.r. functions is also p.r.
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