Theorems

A formal study of introspection
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Pulling the meta-theory inside formal theory

Some tools...

» Symbols we have:

J_9_>9V9:9O9Sﬂ +9 X’(?)

. We can put Godel numberingas 1, 3, 5, 7,9, 11, 13, 15, 17 and 19. Rest of the Odd numbers
are for variables. Something like this: Tv, 1 :=2 X1 + 21

- Thenfora formula™ Vyy(vi =500 X vy — L) —> 1L 1=
27V %3 x5 U T x 11T x13° x179"' %199 %23 %' %29 7' 'x31't'x37) 'x41 7 'x43 +

=P x 3 x5 x 7P x11"x 131 x 177 x 197 x 2321 % 29° x 311 x 3719 x 413 x 43!
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Revisiting to p.r. functions

For loops in disguise... ALY
A relation P(X) is a p.r. relation, if the characteristic function is a p.r. function.

» If f(X) is an n-place p.r. function, then the corresponding relation expressed
by f(X) = yis an n + 1-place p.r. relation.

* Any truth-functional combination of p.r. relations is p.r.

* Any relation defined from a p.r. property or relation by bounded
quantifications is also p.r.

o If Pis a p.r. relation, then the function f(n) = (ux < n)P(x) is p.r And
generalizing, suppose that g(n) is a p.r. function; then

f'(n) = (ux < g(n))P(x) is also p.r.

* Any function defined by cases from other p.r. functions is also p.r.
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Revisiting to p.r. functions . - 1)

For loops in disguise...

. ek dele b b
» The relations m = n, m < n and m < n are primitive recursive,> Finad dejon

Tho wAQ ib do Qafine WW
Kl defs M i
-C;I'he relation m | n that holds when m is divides n is primitive recursive.

Y cm [ MN=mxYy N 0lm N 0£4Y)

 Let Prime(n) be true just when n is a prime number. Then P( - )is ap.r.
property. T Y i WJL
. CI;is’c the primes as n, 7, 75, ... Then the function n(n) whose value is T, IS P.r.
e Mt fock Snod %Fﬂmgmwmm s bounded by )+ 4
. Let exf(n, 1) be the possibly zero exponent of 7; — the i 4+ 1-th prime — in the
factorization of n. Then exf( - ) is a p.r. function.

e Letlen(0) =len(1l) = 0; and when n > 1, let len(n) be the ‘length’ of n's

factorization, i.e. the number of distinct prime factors of n. Then len( - ) is again
a pr funCtlon IN Created by Notein



Revisiting to p.r. functions

For loops in disguise...
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Encoding using p.r.

Our ‘glue’ is p.r. Ch-14,20

 There is a two-place concatenation function, standardly represented by m o n,

such that (i) if m and n are the g.n. of two expressions then m o n is the g.n. of the
result of writing the first expression followed by the second, and (ii) this function is
primitive recursive.

Example: Let" Vv, ' =m = 2° X 3% and
"1 =0->L1L)T=n=2""%x3"x5"x7" x11°x 13" x 17", then

"Vy,(v;=0—= L) =mon=2"x3"x5"x7Px11"x 13" x 17° x 19! x 231
This concatenation function o ( -, - ) can be written as:

mon = (ux < 7" MH[(Vi < len(m)){exf(x, i) = exf(m, i)} A

m-+n

(Vi < len(n)){exf(x,i + len(m)) = exf(n,1)}]
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Encoding using p-r. .,
Genesis of a term: )
 The functionnum : {0} U {S"0 | n >0} = {Tep'|p &€ Lp,}isp.r:
num(0) =T071
num(Sx) =S5 1o num(x)

o The function Diag : Lpy = Lps; @ — Avi(v; =T A @) can be turned to a
function on Godel encodings:

diag(n) ="3dv,(vi = Tenum(0) e " A Tenol)
e« Var(n) =dx <n (n=2Xx+ 17): For checking if n is a encoding of a variable

f—-{TermSeq(n) = Vk <len(n){ext(n,k) =707V Var(exf(n,k)) v

d; < k (exf(n,k) =TS ") oexf(n,j)) Vv

di,7 < k (exf(n, k) ="T(Toexf(n,i)e™ + Toexf(n,j)e")T) Vv

di,] < k (exf(n, k) ="("eexf(n,i)o" X Toext(n,j)o")")} ¥ Created by Notein




Encoding using p.r.

Genesis of aterm: (1920
. Term,_, . (n) = 3x (TermsSq(x) A n = exf(x, len(x) — 1))

» But can this be captured by p.r. ?

;Y@%\Lvmgamumgmg M&W CQ@Jc go)M@.
TE\QJC\,M\(Q WM/{/&MJ%M#M?W
0 30/350 $Ss0, (¢ o+so§ QSO«SCDXS@J

i s 4, uapied o |
' \M‘O/\'}‘e 1 J W&v Ji*kdmﬁvﬂh

We o ouncabe s regpoucc st * 1 T sqpice.

-
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Encoding using p.r.

Genesis of a term: Ch-14,20
» Term,_, . (n) = dx (TermsSq(x) A n = exf(x, len(x) — 1))

» But can this be captured by p.r. ?
 What do you think?

e Term(n) = dx < (ﬂl”)l (TermsSq(x) A n = exf(x,len(x) — 1)), where [ := len(n)

How??

IN Created by Notein



Encoding using p.r.

Sentence Genesis Ch-1420
e Atom(n) :=m=" 1L Hvdx,y<n(Term(x) A Term(y) An=Xxeo" = Toy)

» Can you define W1ff(n)? It’s similar to how Term(n) was crafted
e Sent(n) := Wif(n) AVi < len(n)(Var(exf(n,i)) - Bound(exf(n,i),i,n))
e \Where,

« Bound(v,i,n) :=7?
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Encoding using p.r.
C l’t“% 20

Sentence Genesis
e Atom(n) :=(m=" 1L ) vdx,y<n(Termx) ATerm(y) An=xo" = Toy)
« Can you define Wff(n)? It’s similar to how Term(n) was crafted
e Sent(n) := Wff(n) A Vi < len(n)(Var(exf(n,i)) — Bound(exf(n,i),i,n))
e \Where,
e Bound(v,i,n) := Wff(n) A Var(v) A
da, b, c <x(x=aor‘v’"ovoboc/\Wff(b)/\

(Ien(a) <iAi1 < (len(a) + len(d) + 1)))

IN Created by Notein



Encoding using p.r.  Ch 920

Sentence Genesis
e« Atom(n) :=(n=" 1L Hvdx,y<n(Term(x)ATerm(y) An=xo" = Toy)

« Can you define Wff(n)? It’s similar to how Term(n) was crafted

e Sent(n) := Wff(n) A Vi < len(n)(Var(exf(n,i)) — Bound(exf(n,i),i,n))
e \Where,

e Bound(v,i,n) := Wff(n) A Var(v) A
da, b, c <x(x=aor‘v’"ovoboc/\Wff(b)/\

(Ien(a) <iA1 < (len(a) + len(a) + 1)))
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Encoding using p.r.

Inference Rules
e MP(m,n,0) . ={m="("eno—o000")1} A Wff(n) A Wif(o)

e Univ(im,n) := (dx < n)(Var(x) AWf(m)A{n="V'1oexom}).

. Proofseq(n) := (Vk < len(n)){ Axiom(exf(n,k)) v~

(di,j < k)MP(exf(n, 1), exf(n,j), exf(n, ki)j
(37 < kUniv(exf(n, j), ext(n, k)) |

~
e Prf(m,n) .= Proofseq(m) A n = exf(m,len(m) — 1) A Sent(@

:D%W<M> = 33 ?915’ (j /\/\> — >
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PA Is order-adequate
QCIA—AL)

By the power of Grayskull, | have the power of <”
1. PAF Vx(0 £ x)

2. Foranyn, PAFVx({x=0vx=1V...vx =7} < x <n)

3. Foranyn, if PA - ¢(0), PAF ¢(1) ... PAF @), ’jﬁi— (Vx < m)p(x) Y

4. Foranyn, if PAF @(0),or PAF (1) ,or... PAF @(p)then PA F (3x < i)p(x)

5. Foranyn, PA F Vx(x <n— x < Sn)

6. Foranyn, PAFEVx(m <x —> (m=xV Sin < X)) \

7. Foranyn, PAF Vx(x <nvn<Xx)

8. Foranyn > 0,PAF (Vx<n 1 Dp(x) = (Vx Zn)(x #1 — @(x)) i Created by Notein
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PA decides A

The key is bounded quantification

For the inductive cases we need to use the power of the Order-adequacy from earlier.
"'&e;: deéﬁ)%@ﬂ> ’ _
Cro L _ N E\PCo) NE WA -
By me ) WL JNE 2
c 7

N — NE )
PEWE) bl en L s V()
S 6 L 50m @M’MW ’ e N Ak
N e (™ ) Y (n)) W\:M (s
o LN andA N\gﬂ\?(7“> SR %>

NOTE

IN

=

1




Eotonn Ooudn ~adoqpany romk 4, D A MECPAPDERCY
W-vw@mwww)
— Y= @a&ﬁb? ﬂ)




CwaMM%TA whaddf. > yq é ZA_ /ﬁw /%M /PA l" L@ / UAJ;\@\A@\@\//

- ) [
PAis X, —Complete [ N=2./ L,

Chh-AL
PA ves all true formula of X type

Proof style : Structural induction. Very similar to previous one.
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/—Function
A way to encode finite list

- There exists a n function (-, -, - ), given any finite sequence k, ki, k,, -*-, k,, there are ¢ and
d such that fori < n, f(c,d, 1) = k;

. In £, we can define f( -, -, ) as

p(c,d,i,y) = rm(c S(d X $i),y)

fyquX (d ((+) J(’ll

Hence you can use f( -, -, - ) function to encode a finite list
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