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Peano Arithmetic

‘God made the natural numbers, all else is the work of man’ —Kronecker

1. Vx(0 # Sx) QN (ot+= =)
2. VxVy(Sx =S8y - x=y)
ﬁS. Vx(x + 0 = x) Robinson Arithmetic

(Q: Vx(=(x = 0) — Jy(x = Sy)))
4. VxVy(x+Sy=Sx+y))

5. Vx(xx 0 =0)
6. xXSy=(xXy)+x

7. Induction Schema: @(0) — Vx(¢p(x) = @(Sx)) — Vxg



Primitive Recursive(p.r) Functions

A collection of functions of form f: N - N for some n € N

» Every Z : N" — N which are identically zero is in p.r.
» Foreach 1 < k < n, the function P}’ : N" — N defined by (x, x5, x3, *--, X,,) = X is in p.r.
+ S : N — N definedasn — n + lisin p.r.

+ Iff:N"—> Nisinprandforeachl <k <n, g, :N"—= Nisinp.r,then 2 : N” — N isin
p.r where £ is defined by

h(xlaxza °"9-xm) Zf(gl(xlaxza '"9-xm)9 gZ('xlaxza “‘,Xm), ! gn(xla-Xz, '"9Xm))

. If g : N"*! = Nand & : N*~! = N are both in p.r, then f : N — N is in p.r where,



Primitive Recursive(p.r) Functions

h(xy, X9, ++5 X, 1) fx=0

* flx+ 1xg,,x, 1) =

g(x?f(x9 xlaxza “‘,X),Xl, xza '"9xn_1) It x Z 1




First Order Logic /-5l

Function capturing in a theory 1 and function expressing in a Language

- Let, f : N — N be a function from natural numbers to natural numbers.

- We say a theory T captures f : N — N by a formula ¢( -, ) if:

1. T+ o(m, n), if f(m) = n.

Fact 1: PA can prove true 2, sentences.

' _ Fact 2: p.r functions are expressed by 2,
2. T+ Alyp(m, y) Fact 3: Hence PA can capture p.r functions by

2| sentences

- We say function is expressible in & if:

A.N F @(im, ), whenever f(m) = n

B.N F —@(m, n), whenever f(m) # n



Ch—ls) {(o,™ =9 (™)

ﬁ_ unCtion zg(Su_/M)—; }\,(a(, + (X,M>,-1YL> '

A way to encode finite list

Wﬁbh(: o= J(w);

R, = J WU\Q( (2t m) =J.
( - There exists a n function (-, -, - ), given any finite sequence k, ki, k,, -*-, k,, there are ¢ and
such that fori < n, f(c,d, 1) = k..

. In £, we can define f( -, -, ) as
p(c,d,i,y) = rm(c, S(d X Si), y)

Hence you can use f( -, -, - ) function to encode a finite list

%(o/w\}:’-@ JL2/3>



/—Function (h-19)

A way to encode finite list

- Lemma 1: Suppose x, y are relatively prime. Then there is a number b < y such that
rm(bx,y) = 1.
-7

* Proof: w(bﬁj>7 _’L bZL —;L M 51

b, L2 = |

O J=—=



/—Function /\g)

A way to encode finite list

» Lemma 2(CR Theorem): Suppose m,, m, m,, ---, m are pairwise relatively prime. Then for
any sequence of numbers k, k, k,, -*-, k, (where for each i < n, k; < m;) there is a number ¢
—

such that k; = rm(c, m,) . I

e= Kk, medwm,  M; =Tm’3 W(M‘/ ) =2




f/—Function @\5—) S @(c/&,il =\

A way to encode finite list

- Godel’s f-function Lemma: For any sequence of numbers k), k;, k, ---, k,, there are numbers
¢, dsuchthatrm(c,d(i+ 1)+ 1) =k. |

, My = A A
Cb—& bUk b"CQB % —
P[40 buklbne) b aiswia Ma%wg bhine_

oo Mo voms P ) d YT M ue




(chets)  pakudin tonlle 0 budy

f}—Function (s,
A way to encode finite
_@CC/J, L/:D @»’”W (b<c"l"é);9'

(IR (ed,0)=ke (D) NUL T > (¢,
(3) (B(Ql‘l} ) =Y b £ (a(./M>='- J

list {chi/"@’ h(z & ("”"‘))m>

(go with the simplest case)

Aj SU§ = l'\(w) GCC/A/“>IW>



/—Function in action (h15)

21 expreses
- Zero Function: Z(x,y) .= (x=x Ay = 0)

- Succesor Function : S(x,y) := (y = S(x))

n
Projections : ij,:’(xl, Xy Xz, *005 X, Y) 1= (y = X; A\ /\ (x; = Xi))
i=1,i#k

_ Compositions: H - G(xy, **-, x,,,, y) := dy;-- Elyn<H(y1, e VoY) A /\Gl-(xl, ---,xm,yi)>

* Primitive recursive step: 3(',3 A:QJB LC/ A/ 0;“3 A (9’ (*m’&> /\ CC | %)4
\OLM,{W,N},,%(B (e,d,u,5) N R(¢,4, 51,0 AR (A M, (:)/\@ e)%y= )




Ch-17
p—Functi n> in action

2, captures
- Zero Function: Z(x,y) ;== (x=x Ay = 0)

- Succesor Function : S(x,y) := (y = S(x))

Projections : Proj (xy, Xy, X3, ***,X,,y) :=

Nade & Lo A Given L (0 y),

/\J
5‘/9) Yy n V24

C\P (202) —> 2-7)

(y = Xx;, A /”\ (x; = xl-))

1=1,i#k



/—Function in action
2, captures

(@(’Clé/ L, >:: 13 (CJCL/ !







(=7 «4 Fu)= I (F (W) 7 (M) =3
O@(cd, 0 =9 @ g UL (e d, s> = h (F(ChuY)
(3> %CC"L} ™) =" - —
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