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Peano Arithmetic 
‘God made the natural numbers, all else is the work of man’ —Kronecker
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7. Induction Schema: 

∀x(0 ≠ Sx)

∀x∀y(Sx = Sy → x = y)

∀x(x + 0 = x)

∀x∀y(x + Sy = S(x + y))

∀x(x × 0 = 0)

x × Sy = (x × y) + x

φ(0) → ∀x(φ(x) → φ(Sx)) → ∀xφ

} Robinson Arithmetic  

(Q: )∀x(¬(x = 0) → ∃y(x = Sy))



Primitive Recursive(p.r) Functions

• Every  which are identically zero is in p.r.


• For each , the function  defined by  is in p.r.


•  defined as is in p.r.


•  If  is in p.r and for each ,   is in p.r, then  is in 

p.r where  is defined by





Notation: 


• If and  are both in p.r, then  is in p.r where,

Z : ℕn → ℕ

1 ≤ k ≤ n Pn
k

: ℕn → ℕ (x1, x2, x3, ⋯, xn) ↦ xk

S : ℕ → ℕ n ↦ n + 1

f : ℕn → ℕ 1 ≤ k ≤ n gk : ℕm → ℕ h : ℕm → ℕ
h

h(x1, x2, ⋯, xm) = f(g1(x1, x2, ⋯, xm), g2(x1, x2, ⋯, xm), ⋯, gn(x1, x2, ⋯, xm))

h(x1, x2, ⋯, xm) = f ∘ (g1, g2, g3, ⋯, gn)(x1, x2, ⋯, xm)

g : ℕn+1 → ℕ h : ℕn−1 → ℕ f : ℕn → ℕ

A collection of functions of form  for some f : ℕn → ℕ n ∈ ℕ



Primitive Recursive(p.r) Functions

• f(x + 1,x1, ⋯, xn−1) ={
h(x1, x2, ⋯, xn−1)

g(x, f(x, x1, x2, ⋯, x), x1, x2, ⋯, xn−1)

If x = 0

If x ≥ 1



First Order Logic

• Let,  be a function from natural numbers to natural numbers. 


• We say a theory  captures  by a formula  if:


1. , if .


2. 


• We say function is expressible in  if:


A. , whenever 


B. , whenever 

f : ℕ → ℕ

T f : ℕ → ℕ φ( ⋅ , ⋅ )

T ⊢ φ(m, n) f(m) = n

T ⊢ ∃!yφ(m, y)

ℒ

ℕ ⊨ φ(m, n) f(m) = n

ℕ ⊨ ¬φ(m, n) f(m) ≠ n

Function capturing in a theory  and function expressing in a Language T

Fact 1: PA can prove true  sentences.Σ1

Fact 2: p.r functions are expressed by Σ1
Fact 3: Hence PA can capture p.r functions by 

  sentencesΣ1



Functionβ−

• There exists a n function , given any finite sequence , there are  and 

 such that for , .


• In , we can define  as





Hence you can use  function to encode a finite list

β( ⋅ , ⋅ , ⋅ ) k0, k1, k2, ⋯, kn c

d i ≤ n β(c, d, i) = ki

ℒ β( ⋅ , ⋅ , ⋅ )

β(c, d, i, y) = rm(c, S(d × Si), y)

β( ⋅ , ⋅ , ⋅ )

A way to encode finite list



Functionβ−

• Lemma 1: Suppose  are relatively prime. Then there is a number  such that 

.


• Proof:

x, y b < y

𝗋𝗆(bx, y) = 1

A way to encode finite list



Functionβ−

• Lemma 2(CR Theorem): Suppose are pairwise relatively prime. Then for 

any sequence of numbers (where for each ) there is a number  

such that 


• Proof:

m0, m1, m2, ⋯, mn

k0, k1, k2, ⋯, kn i ≤ n, ki ≤ mi c

ki = 𝗋𝗆(c, mi) .

A way to encode finite list



Functionβ−

• Gödel’s -function Lemma: For any sequence of numbers , there are numbers 

 such that .


• Proof:

β k0, k1, k2, ⋯, k
n

c, d 𝗋𝗆(c, d(i + 1) + 1) = k
i

A way to encode finite list



Functionβ−
A way to encode finite list                                     (go with the simplest case)



Function in actionβ−

• Zero Function : 


• Succesor Function : 


•

Projections :  


•

Compositions:  


• Primitive recursive step:

Z(x, y) := (x = x ∧ y = 0)

S(x, y) := (y = 𝖲(x))

Projn
k
(x1, x2, x3, ⋯, xn, y) := (y = xk ∧

n

⋀
i=1,i≠k

(xi = xi))

H ⋅ G(x1, ⋯, xm, y) := ∃y1⋯∃yn(H(y1, ⋯, yn, y) ∧ ⋀
i

Gi(x1, ⋯, xm, yi))

 expresesΣ1
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S(x, y) := (y = 𝖲(x))

Projn
k
(x1, x2, x3, ⋯, xn, y) := (y = xk ∧

n

⋀
i=1,i≠k

(xi = xi))

H ⋅ G(x1, ⋯, xm, y) := ∃y1⋯∃yn(H(y1, ⋯, yn, y) ∧ ⋀
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Function in actionβ−

 capturesΣ1
















