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Revisiting the  predicate𝖯𝗋𝖿(m, n)
PA captures this through p.r function using  formulaΣ1

Tell me what I did wrong here?

• So we have , which takes in g.n of a formula  and gives us the g.n of the 

diagonalized version of ; where diagonalization of  is .


• We have the provability predicate as , and we have 

 then we have the Gödel sentence as 


• In other words,  is equivalent to , but .


• Now we already know that:


If PA is sound then  and .

diag(n) φ

φ φ ∃y(y = ⌜φ⌝ ∧ φ)

𝖯𝗋𝗈𝗏(x) := ∃y 𝖯𝗋𝖿(y, x)

𝖴(y) = ¬𝖯𝗋𝗈𝗏(diag(y))∗
𝔊 := ∃y (y = ⌜𝖴⌝ ∧ 𝖴(y))

𝔊 ¬∃x 𝖯𝗋𝖿(x, diag(⌜𝖴⌝)) ⌜𝔊⌝ = diag(⌜𝖴⌝)

PA⊢𝔊 PA⊢¬𝔊



Syntactic Argument

If PA is consistent then PA⊢𝔊

Tell me how



Syntactic Argument

If PA is -consistent then ω PA⊢¬𝔊

• An arithmetic theory T is -inconsistent iff, for some open wff ,  , but for 

each  , we have . 


• -consistency implies consistency. PA+  is consistent, but -inconsistent.(pp.175)

ω φ(x) T ⊢ ∃x φ(x)

m ∈ ℕ T ⊢ ¬φ(m)

ω ¬𝔊 ω



Syntactic Argument

If PA is -consistent then ω PA⊢¬𝔊

Tell me how



Nice theories exhibit incompleteness 

The lore of p.r. adequacy, p.r. axiomatized and ℒ
PA

If T is a p.r. adequate, p.r. axiomatized theory whose language includes , then there is an 

-sentence  of Goldbach type such that, if T is consistent then , and                            

if T is -consistent then .

ℒ
PA

ℒ
PA

φ T⊢φ

ω T⊢¬φ



Conclusion to
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