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Modal Logic

Fin a countable set of propositional variables a

atomic propositions Pleftp1p2ldotsright
varphipsibotTpnegqvarphiwedgepsivarphiveepsivarphipsivarphileftrightarrowpsi

mdlgwhtsquarevarphiDeltavarphi

How do we interpret these formulas

There are various ways to interpret
these formulas

Topological semantis
Neighbourhood semantics

Algebraic semantics
Co algebraic semantics
Kripke semantics

Kripke Frame

A Kripke frame is a pair FleftWRright where W

is a non empty set and RsubseteqWtimesW is a binaryrelation

Kripke Model

A Kripke model is a pain MleftFVright where FWR
is a Kripke frame and VWrightarrow2p is a valua



tion function We write M W R V

We refer to W as a set of possible worlds

When p E V w we say p holds at w in M
otherwise p is false at w in M

Given a model M and a world w in M

M w is termed as a painled model

Truth definition
The notion p hold at the world w in M denoted

by M w FG is defined as follows

M w F never

M W F T always

M w F p iff p EV w

M w F g iff M w 9

M w F pay iff M w FP and M W FY

M w F p v4 if M W 9 on M W FY

M w F Q 4 iff M w FQ implies M w FY

M w F p y iff M w F Q iff M w FY

M w F p iff for all w EW with wRw M w F Q

M W F q iffthere enists w EW
suchthat w Rw and

M W F Q



varphi is satisfiable if there is a model MleftWRVright and

some winW such that Momeganeqq

q is valid if negq is not satisfiable

Example
MleftWRVrightw1

p

Wleftw1w2ldotsw5rightRleftomega1omega2rightleftomega1omega3rightldotsldotsleftomega3omega5rightLq rfloorqomega2 tauw3

rfloor

i2omega4qv Vleftomega1rightleftprightldotsVleftomega5rightleftpqrightw5

pq

mu1omega4kqwedger i mu1omega3neqmdlgwhtsquareq mu1omega0FDeltar

Momegamdlgwhtsquarer muomega1FDDq Momega5Fmdlgwhtsquare r

Remark angles formulas are always satisfied in states
w where leftwleftwwrightinRrightPhi

Examples of valid formulas
leftWRVrightwinWmdlgwhtsquareleftpveenegpright

e mdlgwhtsquarepveemdlgwhtsquarenegp
mdlgwhtsquarenegprightarrownegmdlgwhtsquarep

rangleleftpwedgeqright DPA Dq

p
L Tr p

HW



leftDeltapwedgeDeltayrightrightarrowDeltaleftpwedgegammaright
1

DT
Defining worlds in a model

w1

DDI ADDI
A AT

ADI ADD

Momega4Fmu1omega3Fmu1omega2neqMomegaF

IT
D DTnuL rfloor

w3 nomega2
n

vL
omega4

A world w in a model M is said to m
definable in modal logic if there is a formula

q such that M1 w Fvarphiand M0neqvarphi for all w inWmu I w

From definability to in distinguishability

omega1M

Is it possible to distinguish wz and is
in modal logic

u22 vomega3

M w2Fq M ws 9rfloorL
omega4

H.W Show that leftMomega2right and leftmu1omega3right satisfy the
same modal formulas



We now consider the notionof distinguishing worlds

in distinct models

omega1cdotLb v1cdotp

M N

vv2cdotq
vw2q V3q

Can you distinguish
between leftMomega1right and leftNv1right

by a modal formula Yn DeltamdlgwhtsquarebotmdlgwhtsquareDeltaq
Consider the following two models

omega1cdotLb v12nabla

M N

vq vV3w2q qV2rceil

Can
you distinguish

between leftMomega1right and leftu1v1right now

Actually no modal formulas can distinguish between

leftmu1omega1right and leftN1v1right
How do we prove this



Modal equivalence

Two pointed models leftMomegaright and leftNvright are said
to bemodally equivalent if for all modal formulas
Q muomegaFvarphi iff NvKq that is they satisfy the

same modal formulas

Can we consider a notion of invariance between the

pointed models to capture modal equivalence

Bis imulation

Let M1leftW1R1V1right and M2leftW2R2V2right be two models

Let w1inW1w2inW2cdotleftM1w1right is said to be bisimlar

to leftmu2omega2rightleftleftM1omega1rightcongleftM2omega2rightright if there is a binary
relation ZsubseteqW1timesW2 such that leftomega1omega2rightinZ and for
all ninW and yinW2leftxyrightinZ implies

f for all atomic propositions pinPpinV1leftxright iff binV2y
Atomic Harmony

if xR1x then there is yinW ns.t.yRryand a Zy
leftZigright

if y R2y then there is x1inW1 sit xR in and x zy
leftZayright

Examples



omega1cdotLb v12nabla

M N

vV2qrceil vv3qw2q

HW Check whether the following pairs of pointed
models are bisimilar

v1w1N1NM1 M Nv
w1

vw2
v v

U2w3
v

v2

leftM1omega1rightsimeqleftN1omega1right
v

nuLv3omega4

leftMw1rightsimeqleftNw1right
v1omega1M N

M
v V1Nvv V

w1pv3 pnuLWL

PcdotV2
v vL sptilde

v
v3p

leftM1omega1rightsimeqleftN1omega1right p

v4 v5w3 omega4 v
q v4pp q

leftM1w1rightsimeqleftW1v1right
vdots



Invariance Lemma Let M s and N t be two

pointed Kripkemodels with M s N t Then

they satisfy the same modal formulas

Proof Let M s N t To show that M s Fp

iff N F 9 for all modal formulas p
We prove

this by applying induction
on the size of p

BaseCase Q p Then M Stp iff N t Fp

by the atomic harmony condition

Induction Hypothesis Suppose the result holds for
all formulas of size m

Induction Step Let the size of p be mt 1

Case 1 Q 74 M S F q iff M SFTY iff Mis N

iff N t Y I H iff N t F 74 iff Nt FG

Case 2 Q Y VX Follows similarly

Case 3 Q DY Let M S F Dy Then thereis

s such that s Rus and M S FY Since sRus

and M s N t there is t in N such that trust

and M s N t by the Zig condition
Since

M S FY and M s N t by I H



NtFpsi size ofpsileqm Then NtneqDeltapsi

S0leftMsrightFDeltapsi implies leftNtrightneqranglepsi The other

direction can be shown similarly using the Zag
cond

ition This completes the proof

What about the converse Does modal equivalenceint

bis imulation
t

M
S

L
NNO

H.W Prove that leftMsright and leftNtright are modallyequivalent
but are not bisimilar

Modaldepth of a formula
Given a modal formula varphi the modal depth ofq mdleftqright
is defined as follows

mdleftpright0 mdleftnegpsirightmdleftpsiright mdleftpsiveechirightmdleftpsiwedgechirightmdpsirightarrow
mdleftpsileftrightarrowXrightmaxleftmdleftpsirightmdleftXrightright md leftDeltapsirightmdleftDeltataurightmdleftpsiright

Example
and leftmdlgwhtsquareDeltaPright2 md leftleftrightarrowggmdlgwhtsquarepveeggmdlgwhtsquareleftmdlgwhtsquarepwedgeqrightright3
H W Show that mdlgwhtsquarevarphileftrightarrownegDeltanegvarphi is a valid formula



Can we find a restricted class of models where
the converse holds

Let us consider finite models and check whether

the converse result holds

Proposition Let mu1N be finite models such that

leftMsright and leftNtright are modally equivalent
Then they are bisimilar

To show leftMsrightsimeqleftNtright we need to find
a bisimulation ZsubseteqWMtimesWN with leftstrightinZ Let

us consider ZsubseteqWMtimesWN defined as follows forall xin

WMyinWNxZy iff leftMxright and leftvyright satisfy
the

same modal formulas Of course szt Wejust need

to show that Z is a bi simulation Let leftxyrightinZ
Atomic Harmony Follows by the definitionof Z

Zig Let xRmux To show that there is yinWN
such that yRNy and x zy Supposenot Let IuyRNu
Can I be empty NO Since xRmu n we have M1xFrangle

But xgeqy and hence NyFrangleT So I is non empty

Since Nis finite I is finite Let Ileftv1ldotsvmright
Then for all iinleft1ldotsmright it is not the case that a Zni
Then for each i there is a modal formula qi say such

that mu1 n Fqi and Nxivarphii Thenmu1 I neqphi1wedgeldotswedgephim



whereas for each i NuiQi Then we have

M1xFDleftvarphi1wedgeldotswedgeQnright and N1yDeltalefta1wedgeldotswedgeamright So

we have a contradiction as xZy Hence the result

Zay Can be shown similarly
This completes the proof

Remark For finite models modal equivalence
implies

bisimulation

Can we generalize this notion a bit further Where

did w use the finiteness

We needed the set I to be finite which is

the image set of the underlying relation Thus

rather than considering the whole model to be

finite we can consider such image sets to be

finite and the proof will go thro gh
Image finite model
A model MleftWRVright is said to be an imagefinite
model if for all winW dimayeleftwrightleftwinWomegaRwright
is finite
Proposition If M and are image finite models

then leftMsright and leftNtright are modally equivalent

imply leftMsright and leftNtright are bisimilar


