


































































23.07.2026Bound

variables Variables that occur under

the scope of a quantifier
Free variables Variables that are not boun

forallxexistsyP22 ny Both x and y are bound

forallxP2xy x is bound y
is free

Set of free variables occurring in terms

FVleftxrightleftxrightFVleftcrightPhiFVleftbeginmatrixtint1ldotstnendmatrixrightcupk1nFVlefttkright
FVleftnegvarphiright

Set of free variable occurring in formulas

FVleftt1equivt2rightFVleftt1rightcupFVleftt2right
FVleftpint1ldotstnrightcupk1nFVlefttkright

FVleftnegqrightFVleftqright
FVleftQveepsirightFVleftQwedgepsirightFVleftvarphirightarrowpsiright





































































FVleftQrightarrowpsirightFVleftQrightcupFVleftpsiright
FVleftforallxvarphirightFVleftvarphirightbackslashleftxright
FVleftexistsxqrightFVleftqrightbackslashleftxright

Proposition Let varphi be a formula and leftDIright be
a structure For any two assignment functions

f lyz if ly and lyz agrees on FVleftqright
we have leftDIy1rightFvarphi iff leftDIf2rightFvarphi

Size of a formula The number of connectives
and quantifiers present in the formula

Proof We prove this by applying induction
on the size of the formula q To prove

M1leftDIy1right Fp iff mu2leftDIy2rightneqvarphi
Base case i varphit1equivt2 Then M1neqvarphi iff
u neqt1equivt2 iff y1leftt1righty1leftt2right iff y2leftt1righty2leftt2right

Whyiff mu2Ft1equivt2 iff mu2Fvarphi
Ii qpint1ldotstn Then M1tq if





































































M F bit th iff Gtt filth EI p

G t G tn EI bi if MFbite th iff
M F 9

Induction Hypothesis Suppose the result holds

for all formulas of size n

Induction Step Let the size of a bent 1

Case I 9 74 M F q iff M Fix iff
M Y iff Ma Y by I H if Ma F 74

iff M F 9

Case I q MAX M Fp iff M FYA X

iff M F Y and M F X iff Me FY and MaFX

by I H iff M F MAX iff McFp

Remark It is enough to show for the
connectives

7 and A We do not need to show the cases

for V and separately





































































Case III varphiforallxpsi M1Fq iff M1forallxpsi iff

for all dinD M1leftxrightarrowdrightneqpsi iff for all dinD

M2leftxrightarrowdrightFpsi iff mu2forallxpsi iff mu2neqvarphi

To prove iff Take any dinD Then we

yileftyright 1 yneqxhave yileftxrightarrowdrightleftyright
d 1 yx

for i12

Also FVleftqrightFVleftpsirightbackslashleftxright
We will be able to prove iff if we can

show that y1leftndright and y2leftxrightarrowdright agree on FVleftpsiright

Because then by I H we will have

M1leftndrightFYiffM2leftnrightarrowdrightFPsi
Now y1leftxrightarrowdright and y2leftxrightarrowdright agree on FVleftqright
and they also agree on xleftFVleftqrightFVleftpsirightbackslashleftxrightright
Thus M1leftndrightFpsi iff M2leftndrightpsi





































































Since we have taken an arbitrary dED
we have that for all d ED Milady F Y

iff M2leftndright FY Thus M F Any iff McFVay

that is M F q iff M 2tvarphi This completes
theproof

Why did not we do the case for np1

Sentences

A formula which does not have any free
variable is said to be a sentence

Example forallxleftp1xright forallxexistsyxequivy

Corollary Let q be a sentence and leftDIright

be a structure Then either leftDIyright 1varphi forall

assignment function ly n1leftDIyright q for all

assignment functions y
H W Prove this corollary

Remark When Q is a sentence we have

Q is either true in a structure D I

D I F Q or 9 is false in the structure CDI p





































































Expressivity of first order language
Consider a first order language I sit ellL

fLPLPhi For this discussion let m

assume that D can be empty as well Using

this language
we can at least talk about

sets as we cannot put any structure on

there sets

forallxnegleftxequivxright empty set

forallnforallyleftnequivyright sets with leq1 element

existsxforallyleftxequivyright singleton sets

existsxexistsynegleftnequivyright n forallzleftzequivxforallzequivyright
sets with exactly two elements

existsxexistsyexistsznegleftxequivyright A negleftyequivzright negleftzequivxright
wedgeforallwleftwnVwyVwzright

sets with exactly three elements

Similarly we can express setshavingexactlyk elements for any finite number k
Can we empress sets containing infinitely
many elements Think about it





































































Definable relations in structures

hit f be a first order language and
let

A be an L slincture leftAleftDIrightright An

n
any relation

R on D is said to be

definable in A if there is
an L formula9

say
whose free variables are x1x2ldotsxn

such that

lefta1ldotsanrightinR off Aleftx1a1x2a2ldotsxnanright
for all a1a2ldotsaninD FPhiQleftx1x2ldotsxnright
Example

1 RequivleftmathbbR01cdotrightLkleftleft01rightleftcdotrightPhiright
a Pleftaageq0rightqleftxrightexistsyleftxycdotyright
b leqleftleftabrightaleqbrightvarphileftxyrightexistszleftyxzcdotzright
2 GleftleftabcrightleftleftabrightleftacrightrightrightLGleftPhiPhileftErightright

arightarrowcdotc edge relation Eb

a leftbarightvarphileftxrightexistsyEyx
b leftbright Not definable no way to distinguishb and 3





































































Definability of a class of structures

Let K be a class of structures K is
said

to be definable in an FO language if
there is a sentence r say such that

KleftSSneqsigmarightleftModleftsigmarightright
Example

K Class of all group Llefteright
sigmaforallxforallyforallzleftleftxyrightzxleftyzrightright

wedgeforallxleftleftxerightequivxright
wedgeforallxleftleftxxrightequivxright
wedgeforallxexistsyleftleftxyrightequivzright
wedgeforallxexistsyleftleftyxrightequiveright

To understand what is definable andwhat'snotlet us first discuss distinct structures

satisfying the same fo formulas

Two models M1leftD1I1y1right and M2leftD2I2y2right





































































are fo equivalent if for all fo formuler q
M F Q iff mu21varphi

Elementary equivalence

Two structures AleftDAIAright and BDA

IB are said to elementarily equivalent

if for all fo sentences r At riff Bneqr

We write AequivB

Proposition If two structures are isomor

phic then they are elementarily
equivalent

To talk about isomorphism
between structures we

have to discuss homomorphisms between

structures and of course deal with injective

and surjective functions In the following

we will first define homomorphisms
and then move on to show the

relationship between isomorphism and





































































elementary equivalence

Homomorphism

Let Lleftl78right be a fo language Let A and

B be two 2 structures A homorphism in of

it into B is a function hDArightarrowDB s t

I hleftIAlefterightrightIBlefteright for all cin C

i hfAnlefta1ldotsanrightfBnlefthlefta1rightldotshleftanrightright for all n any

function symbols for all n

Ci lefta1ldotsanrightinpAn iff lefthlefta1rightldotshleftanrightrightinpBn
for all a1ldotsaninDA
If h is injective h is an embedding

If h is surjective in addition h is an

isomorphismHowwould the terms behave under h

Let yt be an assignment of variables in it

Then for any term t 1 hleftyAlefttrightrightyBlefttright
where fBh0yA
H.W Prove the staliment above





































































Theorem Let A B Ga and Gp are given as above

For quantifier free formulas 9
withoutequality

we have A Ge Fg iff 83 Gp F 9

Proof We prove this by induction on the

size of q
Base case 9 p ti tn G YA Fp iff
A Ya F t

t to iff Galt Ga tu Epf
off h ya t h YaEn Epp ar h is a homomorphism

iff Gpt Gr tn Etp if BYs Flit tin

iff B Gp F 9
InductionHypothesis Suppose the result holds for

all

formulas of size
n

Induction Step Let the size ofp be n 1

Case I 9 74 A Gs Fg iff t Ys Fix

iff A Ga 4 if B Gp Y by I M if BGp

iff 83Gp
F Q

Case II 9 YAX A Ga F q iff t Ys FYAX





































































ifflefttytrightneqpsi and leftAytrightkx iff leftBybrightneqpsi and

leftByBrightneqXleftkgIHright iff leftBybrightneqpsiwedgex iff

leftbetaybrightneqvarphi
This completes the proof of i

ii Consider quantifier free formulas with equality
Assume h is injective

Proof It is enough to show the
result for

varphit1equivt2leftAyArightFt1equivt2 iff yAleftt1rightyAleftt2right
iff hleftyAleftt1rightrighthleftyAleftt2rightright iff ybleftt1rightybleftt2right
iff leftBybetarightneqt1equivt2
iii Consider quantified formulas

Assume h is surjective in addition

Proof It is enough to show the result for

qexistsxpsicdotleftAyArightFexistsxpsiRightarrowleftAyAleftxdrightrightFpsi for

some dinDARightarrowleftbetaybleftxhleftdrightrightrightneqpsi by IH

leftbetaybetarightneqexistsxpsi Conversely leftbetaybetarightneqexistsxpsiRightarrow





































































leftbetaybetaleftxdrightrightpsi for some dinDBRightarrowByBxrightarrowhd
Fpsi for some dinDARightarrowleftAyAleftxdrightrightneqpsi by

leftHrightRightarrowleftAyArightneqexistsxpsi
This completes the proof for all formulas

What did we exactly prove here

We proved the following result Let h be an

fo language
Let it and 83 be

two L

structures.LethDADB be an isomorphism between the structure

A and beta Let yt be an assignment
function in

thestructureand yb
no ya be

the correspondingassign

ment function in B Then for all to formula

q1lefttytrightFq iff betaGp
Corollary Isomorphic studies are elementarily

equivalent
What about the converse Are elementally

equivalent structures isomorphine

NO We will show that 1R and 0
are elementarily equivalent Of course they
are not isomorphic


