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Proposition Let be an fo language and

it be an L structure Let R be an n
any

relation on DA such that R is definable in
L Let h be an automorphism on it Then

lefta1ldotsanrightinR iff lefthlefta1rightldotshleftanrightrightinR
Proof Let qleftx1ldotsxnright be a formula that

defines R in A Then we have lefta1ldotsanrightinR
iff Aleftx1a1ldotsxnrightarrowanrightneqQ
iff Aleftx1hlefta1rightldotsxnhleftanrightrightFpsi bythe resultabove

iff lefth1lefta1rightldotshleftanrightrightinR This completes

the proof

H W Using this result show
that b us not

definable in the example on graphs givenearlier

Another example

Consider the structure leftmathbbRright Of course mathbbNsubseteqmathbbR

we show that mathbbN is not definable in mathbbR given

the language L having
a binary relation symbol

p I say whose interpretation in mathbbR is given by
We can show this by using an automorphism





































































on mathbbRhleftxrightx3 Since h is automorphism

had mathbbN been definable we should have

ninmathbbN iff hleftnrightinmathbbN But there are elements

outside mathbbN which get mapped
in mathbbN Thus

mathbbN in not definable in leftmathbbRright

Till now we have focussed on to language
and empressivity We will come back to these

concepts but for now let m dive into the

other important aspect of any logic that is

reasoning
in a given language

Semantic Consequence relation

lceil set of formules
q a formula

We say
that q is a semantic consequence

of GammaleftGammaFqright if for all models u muFgamma

for all gammainGamma imbly MFvarphi

MneqGamma





































































Example

M pa go qa rn

9 pm rn

To show M F Q
We need to show that for all models M if
MFM then MFP
Take any model M

D I G Suppose M

FF that is MF pa gn and MF qa
ra

To show M F pa rn

Suppose MF Pr Then to show M Frn

Since Mtpa MF qa as M F pa qa

Then MFra ar M F ga rn

This completes the proof

Now suppose Then P Fp means

IF q we write F Q which basically says

q is satisfied by all models

A formula q is said to be valid if for
all models M MFG





































































A formula q is said to be satisfiable

if there is h model M such that Mneqvarphi

Example on truth validity satisfiability

Consider an fo language L with lPhi JPhi
Pleftp12right Consider the structures leftDIkright where

D in a non empty set and Ik for k123 be

given by I2leftt12rightPhi I1leftP12rightDtimesD
I1leftb12rightDtimesD

true
phiiforallxforallybi2xyformula

true varphi2forallxforallynegb12xyformulaI2leftp12rightPhi

I3leftp12right transitiverelationtrue varphi3forallxforallyforallzp2lambdayformula
wedgep12yzrightarrowp12xz

Valid and satisfiable formulas
forallxforallyleftp12nyveenegp12nyright valid

forallnforally play negp12ny satisfiable only in emptydomain

existsxexistsyp12 ay A 7t2ny unsatifiable

H W

fit GammaleftQnegQright Show_that rneq4 for all formulas Y





































































Show the following
a If phiinGamma then MFP

b varphi is valid if negp is not satisfiable

c If GammaFvarphi and Gamma1subseteqGamma2 then Gamma2neqq

d If GammaDelta and DeltaFq then GammaFq

GammacupleftvarphirightFY iff neqqpsi Prove or disprove

Check whether the following formulas are valid

a forallxleftpxrightarrowleftqxrightarrowpxrightright
1 existsapr wedgeexistsago

rightarrowexistsxp at qx

c forallx ba Vga Vapa V Vaqa

d exists praga apa
Lambda

ngn
e Vapr V ypy a paVqn

f foralln pn 1 qa Capa agn

g n pn g 3apr nqn

Remark We now have some idea regarding
the interaction of syntax and semantics
Before moving any further let us warn





































































ourselves about the usage of the symbol
F that we have used in describing
satisfaction as well as entailment

MFvarphi
satisfies

GammaFvarphi
entails

Models and theories

Given any formula q
define ModleftQright

leftmuMFvarphiright Given a set of formulas

lceil define ModleftGammarightleftMMneqGammaright
Let K be a class of models The theory f

KThleftKrightphiMneqvarphi for all Mik

1 Let Gamma1 and Gamma2 be two sets of formulas s.t
Gamma1leqGamma2 Then ModleftGamma1rightsupsetModleftGamma2right
2 Let K and K2 be two classes A models ns.t

K1subseteqK2 Then ThleftK1rightsupsetThleftK2right





































































Consequence of a set of formulas

Let M be a set of formula Then consequence of

r Con r Th Mod r

Proposition Let M be a set of formulas and q be a

formula Then q e Con M iff MF p
HW Prove the proposition

HW Prove the following properties of
Con M

r con r

if M Me then Con M Con r

Con Con r Con r

What does it mean to say that
I

P q iff there is a model M sit MFM but M Q

if there is a model M n t MFP and MF 19

if there is a model M s.t.ME MU 79

iff MU 79 is satisfiable

More on satisfiability
Let A be a set of formulas 9 be a formula

9 is sat if there is a model of p
M is sat if there is a model ofM





































































Example

Consider an fo language with unary
relation

symbol p P's p's

1 M pin I M set

We have to find a model D I G sit
D IGElin

D a b I P a G D G y a forally
Then D I y Fp n as G a f I b

Thus M is satisfiable
2 P Ha 7 pla I M sat

M is unsatisfiable
3 r bin b'a b a A p a 1 I sat

M is unsatisfiable

4 M pin pin pin 7 pinapimp's I Msat

M is unsatisfiable

Similarly we can find unsatisfiable sets of
formulas of any finite size k with k 2

What about infinite set of formulas
In the same way if a set has any of





































































the above finite collections of formulas

What about an infinite set M of formulas s.t
all finite subset of M are sat

Compactness Theorem of FOL

Let T be an infinite set of formulas Then

P is sat iff every finite subset of
M is sat

M is fin sat

Non trivial part If F is fin sat thenM is sat

How does this result connect with the consequen

relation

If T is fin sat then T is sat

If P F Q then there is a finite subset Fy
of M sit My FQ

Proposition iff

Proof Let F be fin sat To show that

T is sat Suppose not Then EQ for all formulas

Q Then there is a formula µ say s t

M FY and MF 74 Then there are T.MEftp.tT F Y and T E 74 by So





































































P U P F Y A 7 Y and P UM Efin T Thus

T UT is unsatisfiable This contradicts the

assumption that M is fin sat This completes theproof
2 Let M Fp To show that there

in My ftp.t M FQ Suppose not So

for all r EfimM M 9 So for all ftp.nt

p U 793 is sat So by FU 793 is sat

Then F Q a contradiction This completestheproof

More applications of Compactness Theorem

1 Let Ʃ be a set of sentences having

arbitarily large finite
models Then I has

an infinite model

Proof Let D di.dz be a countable

collection of new constant symbol not

occurring in Ʃ Consider Δ L U

7 di dj i JEIN it Now I is sat

So Ʃ is fin sat Take any finite subset of

7 di dj i j IN it Such a finite subset

will be satisfiable n some model of Ʃ So

Sujata Ghosh

Sujata Ghosh
We will now get into providing a proof of compactness theorem in the next page.

Sujata Ghosh
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Non trivial part of Compactness Theorem

Let T be an infinite set of formulas
If P is fin sat then P is sat

Proof Every finite subset of T is

satisfiable To show T is satisfiable

To show M is sat we have to show

that F has a model So we need to

construct a model D I G sit

D I.ly F P G I G FV for all VET

Let us first ask the following question

what properties should M have for it to
have a model To answer this question

let us now look at a set of formulas
which is satisfied by a model

Let U be a model and let 4 19 Mtg
what properties do Δy have

1 For any formula
a by contains 9 on 79
1 On does not contain both

Sujata Ghosh



contd

2 For any formulas Q and Y

q V Y E dy iff q On or Y On
C ANY ΔM if QE Om and YEΔM

C Q Y ΔM iff Edm whenever q Δm

I Q Y ΔM iff Q EDM iff YE DM

A set of formulas satisfying conditions
1 and 2 is said to be a model set

A set of formulas Δ is complete if for
any formula 9 QED on 79 C Δ

We will try to get
a model of the fin

sat set M that we started with by the
following 3 claims

Claim 1 Every fin sat set of formulas
can be intended to a fin sat and

complete set of formulas

Claim 2 Every fin seat and complete set

of formulas is a model set

Claim 3 Every model set is satisfiable


