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r
fin sat

Since GammasubseteqDelta if
bigtriangleup has a model then

M will have a model too S0 lceil becomes sat

Proof of claim bot

We have that our language set of
all formulas is countable PROVE THIS

Then w can enumerate the set of

formulas as follows

varphi0Phi1Phi2varphi3

Let lceil be a fin sat set of formulas
Now we construct a sequence of sets

of formulas as follows

Gamma0Gamma

satfinsat
complete

Gammak1begincasesGammakcupleftakrightinGammakcupleftqkrightGammakoltroirendcases
is fin sat

So Gamma0subseteqGamma1subseteqGamma2subseteqldots
Let Deltangeq0cupGamman



contd

We claim that bigtriangleup is fin sat and complete

Let us first show that bigtriangleup is complete

It is enough to show that for any
set of formulas r and any formula
varphi 1 if lceil is fin sat then either

1 U a is fin sat on M cupleftnegvarphiright is

fin sat
Proof We have Gamma

is fin rat Suppose

neither T cupleftvarphiright nor t cupleftnegQright is fin sat
S there exist Gamma1leqtin r VleftarightGamma2leqfin
r cupleftnegqright s t Gamma1 and sqrt2 are not

satisfiable Then

Gamma1Gamma1cupleftQrightGamma1subseteqmumGamma
Gamma2Gamma2cupleftnegQrightGamma2subseteqtimGamma

Now since Gamma11cupleftQright is not sat

Gamma1Fnegvarphi
Also since Gamma21Vleftnegvarphiright is not sat

Gamma2varphi i
S0 1 Gamma1cupGamma2 Fanng
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contd

Then Gamma1cupGamma2 is not sat a

contradiction as Gamma1cupGamma2subseteqfimGamma So

either Gamma1cupleftqright is sat or M U reefis set

bigtriangleup in fin sat

Suppose
bigtriangleup is not fin sat Then there

is bigtriangleupsubseteqtinbigtriangleup sit Δ is not sat

Now DeltasubseteqfinGammak for some kgeq0

Then Gammak cannot be fin sat a

contradiction to the construction of Gammak
Hence

bigtriangleup is fin sat

This completes the proof of Claim 1

Remark This is a version

onLindenbaumLemma Any consistent

pet can be intended to a consistent

and complete set manimal consis
tent set The notion of consistency
will be discussed later
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Proof of Claim 2

Let bigtriangleup be a fin sat and complete set

of formulas To show that bigtriangleup is a

model set Now since
bigtriangleup is fin sat

and complete conditions 1 a and 1leftbright

are satisfied We now show condition

2leftaright2leftdright
Condition 2leftaright To show that varphiveepsi

inDelta iff qinDelta or psiinDelta
Suppose QveepsiinDelta
To show varphiinDelta or psiinDelta

Suppose not Then varphinotinDelta and ynotinbigtriangleup

S0varphiinDelta and negpsiinDelta
Then leftnegphinegpsiphiveepsirightsubseteqmuDelta
But leftnegphinegpsiphiveepsiright is un

satisfiable This contradicts the

fact that
bigtriangleup is fin sat Hence

varphiinDeltawedgepsiinDelta
Conversely suppose varphiinDelta or YinDelta

W.l.o.gg let qinDelta
To show QveepsiinDelta
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Suppose not Then negleftqveepsirightinDelta
Then leftqleftqtimespsirightrightsubseteqmumDelta
But leftqnegleftqveepsirightright is un

satisfiable This

contradictsthatbigtriangleup is fin sat Hence qveepsiinDelta
This completes the proof of 2leftaright

HW Prove conditions 2leftbright2leftdright

this completes the proof of Claim 2

Proof y Claim 3

Let bigtriangleup be a model set To show that

bigtriangleup is sat that s to find a model

MDelta pit muDeltaFDelta Thus we need to

find MDeltaleftDDeltaIDeltayDeltaright s.t

MDeltaFQ iff QinDelta

Suppose we have mubigtriangleup somehow

To prove muDeltaFQ iff QinDelta
We apply induction on the size of varphi
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contd

DBase Case C varphit1t2
2 QPint1t2ldotstn

1 H Suppose the result holds for all

formulas of size leqn

I S Consider q sit size of q is n1

1 QnegPsi 1 varphipsiveeX psiwedgechi psirightarrowchipsileftrightarrowchi

qforallxPsiexistsxPsi
Suppose the result holds for the base

cases

Consider Induction Step

C varphinegpsi
Mo FQ iff MDeltaneqnegpsi iff muDelta psi

off YnotinDelta I H iff negpsiinDelta iff phiinDelta

2 qpsiveechi
muDeltaF a iff muDeltaFpsiVchi iff muDeltaneqY or

MDelta 1 x iff psiinDelta or xinDelta I A iff psiveexinDelta
off varphiinDelta

H W Prove the cases of psiwedgechipsirightarrowchi psileftrightarrowchi

We now need to show the base cases

and I S Case 3
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Let us prove the base cases

We first try to define mu8
Define DDeltaleftttinalemright
Define IDelta

IDeltaleftcrightc for all cinl

IDeltaleftfinrightDDeltanrightarrowDDelta given as follows

fracDeltaleftfinrightleftt1t2ldotstnrightfint1t2ldotstn
IbleftPinrightsubseteqDDeltan given as follows

leftt1t2ldotstnrightinIleftPnright iff

pint1t2ldotstninDelta
Define y0
yDeltaleftxrightx for all xinV

So muDeltaleftDDeltaIDeltayDeltaright
Now y0 can be extended uniquely

to yJDDelta
and hence we also

mention yDelta as Go
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contd

H W G
t t for all terms t E J

Now we show that M EQ iff Δ

Base cases 4 Q t t

9 P titz tu

Let us first prove C

Moff

iff Mok P titz tu

iff G ti G E G tu Io P

if titi tn ICP

iff P titi th E Δ

iff a Δ

This completes the proof
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We now move on to Base Case l

To prove muDeltaneqt1t2 iff t1equivt2inDelta

Now muDeltat1equivt2 iff yDeltaleftt1rightyDeltaleftt2right
iff t1t2 iff t1equivt2inDelta

LECTURE

9We
are nsingequivpasyntactic equalityand
for semantic equalityt1t2t

in the language of arithmetic
11 1

22

but we would also like to equate

2L and 3

Let m go back to our domain definition

We had DDeltaleftttinatenmright
Let m define a relation approx on J

as follows t1approxt2 iff t1equivt2inDelta

approx is an equivalence relation

Proof C approx is reflexive
We have to show tequivtinDeltafrall
terms t Suppose not There is a

term t s.t tequivtnotinDelta Since
bigtriangleup is
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complete being a model set
t C Δ So

t t is satisfiable a contradiction

So tet Δ for all terms t

So is reflexive

H.W 2 is symmetric
is transitive

This completes the proof that

is an equivalence relation

This equivalence relation gives rise

to a collection of equivalence classes
over Do

Define D t t is a term

where It denotes the equivalence class

of t under the equivalence relation

defined above

Let us now define Id and G
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contd

I a e

I DC D is defined as follows

I t t Cta a f.tt ta

I P D is defined as follows

Lei En I P iff P titz tu e Δ

Here we need to check that I f

and I P are well defined

Is f is well defined

Let t ta tu ti ti tn be terms

sit t ti to In th To

show tititz tu f titi th

That is we have to show

If titi titi In th C Δ
then

tititz tn f tied th Δ

Suffose titi titi t.net'nEΔ

Sujata Ghosh



contd

Lemma Let q be a formula Then

Fp implies p E Δ tin sat and complete

Proof Suppose FQ and 9 Δ

Then 79 C Δ So 79 is satisfiable

a contradiction Hence QE Δ

We have

F titia titia titi fitta tneftiti.tn

H.W Prove the above validity
So by the lemana we just proved
titintz tin Atn th f t.to tiffiti ti

Δ

Now an t ti to Eti t.it Δ

t t t tin n tutti E Δ Δ being

a model set So we have

fiftite th fititi th Δ

This comp letes the proof of well defined
mess of I f
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contd

IDeltaleftPinright is well defined H W

Now let us define fDelta as follows

yDeltaleftxrightleftxright for all variables xinV

S0 we have our model

MDeltaleftDDeltaIDeltayDeltaright
As earlier we can show that

yDeltalefttrightlefttright for all termes tinJ H W

Let m go back to the result wehavetoprove

For all formulas q muDeltaFvarphi iff phiinDelta

Base Case t1equivt2 MDeltat1equivt2
iff yDeltaleftt1rightyDeltaleftt2right iff leftt1rightleftt2right iff

t1approxt2 iff t1equivt2inDelta

Sujata Ghosh



contd

Pint1t2ldotstnmuDeltaF
Pint1t2ldotstn iff leftyDeltaleftt1rightyDeltaleftt2rightldotsyDeltaleftt2rightrightinIpin
cdotf1leftleftt1rightleftt2rightldotslefttnrightrightinIleftPinright iff

pint1t2ldotstninDelta

L we are done for the base cases

Now by our previous argument we are

also done for the formulas negpsi psiVchi

psiwedgexpsixpsileftrightarrowx Thus if we

consider the atomic formulas base

cases and their boolean combinations

done earlier then we have

the compact ness theorem for the

logical language
varphipsit1t2leftpint1t2ldotstnrightwedgeqleftqVYqwedgeYright

varphirightarrowpsivarphileftrightarrowpsi
We call this zeroth order logis
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