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The quantifier cases

Let us now consider the quantified

formula forallnpsi and existsnpsi We will

be done if we can show

MDelta F forallxpsi iff forallxpsiinDelta

MDeltaexistsxpsi iff nYEΔ

How do we proceed

Now MDeltaforallxpsi iff for all dinDDelta1

MDeltaleftn1dright1kpsi
Here DDelta1lefttrightt is a term

What do m mean by a term replacing
a variable in a formula

To answer this restion we intro

duce the concept of substitution

as follows
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Substitutions

in Terms

Lit t and t be two terms and n

beavariable we write tlefttnicefrac1nright for t

replacing n in the term t

nleftnicefractxrightt
yleftnicefractxrighty yneqx

aleftnicefractnrightc
fint1ldotstnleftnicefractxrightfint1leftnicefractxrightldotstnleftnicefractnright

in Formula

Let varphi be a formula t be a term and

n be a variable frer in varphi Then we

write p leftnicefractnright for n replaced by t ing

leftt1equivt2rightleftnicefract2rightleftt1leftnicefracxnrightequivt2leftnicefracxnrightright
Pint1ldotstnleftnicefractnrightPint1leftnicefractnrightldotstnleftnicefractnright
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negpsileftnicefract2right7leftpsileftnicefract2rightright
r leftpsiVXrightleftnicefractnrightpsileftnicefractnrightVXleftnicefractnright

leftpsiwedgeXrightleftnicefractnrightpsileftnicefractnrightwedgeXleftnicefractnright
n leftpsirightarrowchirightleftnicefractxrightpsileftnicefractxrightrightarrowXleftnicefractxright

leftpsileftrightarrowXrightleftnicefractnrightpsileftnicefractnrightleftrightarrowchileftnicefractnright
leftforallnpsirightleftnicefractxrightforallxpsi
leftforallypsirightleftnicefractnrightforallyleftpsileftnicefractnrightright I yneqx

leftexistsnpsirightleftnicefractnrightexistsnpsi
leftexistsypsirightleftnicefractnrightexistsyleftpsileftnicefractnrightright 1 yneqx

Examples

1 leftxequivyrightleftyxrightyequivy
2 leftxequivyrightleftnicefracxyrightxequivx
3 forallxleftxequivyrightlefty2rightforallxleftxequivyright
4 forallxleftxequivyrightleftnicefracxyrightforallxleftxequivxright
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Now the went question to ask is

regarding satisfiability
When such substituted formulas are

satisfied by a model rceil

Let M be a model and consider a

substituted formula varphileftnicefract2right What would

be a natural
way to think about

MFqleftnicefractnright

Mvarphilefttxright iff Mleftxylefttrightrightneqvarphi I MleftDIyright

will this always hold
No

qexistsyleftnegleftyequivxrightright satisfiable

varphileftynrightexistsyleftnegleftyequivyrightright unsatisfiable
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Substitutability

A term t is said to be substitutable

for a variable a in a formula9 when

the following hold

q is atomic t is alwayssubstitutablefor n in P

q is 74 t in substitutable for
n in Y

9 in Y VX t is substitutable for

n in Y and t is

substitutable for n

in X

q is Max

a in Y X

q in Y X
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p in yx n does not occur

free in X
OR

Y should
not appear

in the limit and
t is substitutable

for n in Y

All the discussion started from the

attempt to show

Mj F nY iff ny Δ

We have that for a model M

M E Var iff for all d EDM Mena
F Y

In our case d is of the form t

when t is a term And we have

seen that gives us a formula

where y is a formula Also we
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her something like MFpsileftnicefractnright iff

MleftxylefttrightrightFpsi relating satisfaction

of such substituted formulas will

that of the original formulas
but

m now formalise this idea

Proposition Let q be a formule n

be a variable t be a term M be

a model Thu MHqleftnicefract2right iff

Mleftxrightarrowylefttrightrightneqvarphi provided t is

substitutable for n in q

H W Prove this proposition

Let m now give the proof idea of

MDeltatforallxpsi iff forallnpsiinDelta

Profosition Fforallxpsivarphileftnicefractnright where

A is substitutable for n in 9
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The above proposition will ensure

the following
if np ED

then q
Δ for

all t substitutable for n in Q

Also we have F nq 77279

And similar to above

if n q E Δ then 9 Δ for

some
t substitutable for a iq

How do these help
We have to show

Mot nY iff nYEΔ
To prove our side of this iff

result we use the properties of the

formula ny and to prove the other

side we use the properties of nY
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An unample

Language of Arithmetic Let p be

amanypredicate symbol Consider
the set GammaleftexistsxPleftnrightnegPleft0rightrightcup

left7PleftSkleft0rightrightkgeq1right
This is an infinite set offormulaswhichis fin sat This should be

satisfiable by compactness theorem

Ad it u To ensure such a

property we introduce the concept

of witness fulfilled set of
formula.Witnessfulfilled
A set of formulas

bigtriangleup is said to be
witness fulfilled if for every formula
of the form n varphi if existsxqinDelta then

qleftnicefractnrightinDelta for some term t
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Proposition Every fin sat complete
set of formulas can be extended to

or fin sat complete and witness fulfilled

set of formulas
Then we will have the final steps
of the result MDeltaneqforallxpsi iff forallxpsiinDelta
Now we go into the proof details

Proposition Fforallxphirightarrowvarphileftnicefractxright where

t is substitutable for n in Q

Proof Let M be a model s.t

ME np Then for any
d in Dmu

Mleftx1drightFQ So in particular we

have that
Mleftxrightarrowlylefttrightright

F 4 We have

t is substitutable for n in 9

Then MFqleftnicefractnright Hence MFforallxphi
implies MFvarphileftnicefractnright for any

model M

So FforallxphirightarrowQleftnicefractnright t is substitutable

for n in Q This completes the proof
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The Godel Henkin construction

The construction of the term model

was introduced by Henkin The addition

technique of getting these witnesses

come from Godel So what we are

doing is generally timed as the

Godel Henkin construction

Proposition Any fin sat complete set of
formulas P can be intended to a fin sat
complete and witness fulfilled set of formulas

Proof We note that a constant symbol c

not occurring
in a formula can always

be substitutable for n in 9 we use

this idea below

We expand our language L with a

countable set of new constant symbols

D say when D di da

So the parameters of the new language

L is given by the parameters of a
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the language we started off together
with the set leftd1d2ldotsright In other

words LleftlexistsPright and

LleftlcupDJPright
As f in countable L is also

com table Let us enumerate the

formulas in L as follows

beta0beta1beta2
We now construct sets of formules

Delta0Delta1Delta2ldotsa follows
Delta0Gamma fin sat and complete

If betakexistsxphi then

Deltakcupleftexistsxvarphivarphileftnicefracdxrightright where d is

the least indexed constant

symbol not occurring in Deltakabeta
and the whole set is fin sat

Deltak1

Deltak1 otherwise

elo
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ΔR ΔrU βr if it is fin sat

Dr otherwise

We have

M Δ Δ C D2 E

Let Δ Δ

Claim Δ is fin sat complete and
wit ness fulfilled

To prove this claim it is enough
to show the following

Proposition Let F be a fin sat and
complete set of formulas Let Ing EM

Let c be a constant symbol not

occurring in M Then MV 9 is

fin sat

Proof Suppose not that is MU 91 1
is not fin sat Then there is F'Eft
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EAFβ
sit Gamma1cupleftmathbbQleftnicefracenrightright is unsatisfiable Falpha1beta

S GammaFnegqleftnicefracexright Let Gammaleftv1v2ldotsvnright
Them leftgamma1gamma2ldotsgammanrightFnegQleftnicefraccnright Then

H WFleftgamma1wedgegamma2wedgeldotswedgegammanrightrightarrownegqleftnicefracexright
Now c does not occur in r1wedger2wedgeldotswedgern

Assume this
for now

Then Fleftr1wedger2wedgeldotswedgernrightrightarrowforallxnegvarphi

Then forallxnegphiinGamma a contradiction to

the fact that existsxphiinGamma Hence we

have our result that GammacupleftmathbbQleftnicefracenrightright is fin

satWenow prove the assumption we

made above

Lemma Generalization of constants

If Fgammapleftnicefracexright where L does not

occur in r and q then Fgammaforallxvarphi
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Proof Suppose not Then there is a model

M pit M H V Vap Then MF V

and M Vng Now M Vap implies

MleftndrightQ for some d in DM So

MleftxdrightFnegq Now let us consider a

model mu same as M but where Gammaleftcrightd

Then Mleftndrightnegphi
as c does not occur

in Q Also we have munu because

muFgamma and c does not occur ingamma

Then MmathbbQleftnicefracLnrightcdotSigma0leftxrightarrowyleftcrightrightneqvarphi
that is Mleftx1drightvarphi So we have

a contradiction This completes the

proofNowwe are almost ready to prove
our final stet muDeltaforallxpsi off forallxpsiinDelta
we assume

bigtriangleup

to be fin sat complete
and witness fulfilled
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Proofof MDeltaF nV eff Vnx.EDU a modelinlanguageL'now

Suppose MDeltaforallxpsi To show Any Δ

Suppose not That is nY Δ Then

7 n psiinDelta Then nzy ED S0

7 psileftnicefractnrightinDelta for some term t S0

psilefttrrightnotinDelta So MDeltapsileftnicefractnright by I H

Then MDeltaleftxyDeltalefttrightpsicdotS0Deltaxlefttrightright
tt v1

S s MDeltaforallxpsi a contradiction

S0 we have forallxpsiinDelta This

completes the proof

Conversely suppose that forallxpsiinDelta
To prove MDeltaforallxpsi S0 to prove

MDeltaleftx1lefttrightrightneqY for all terms t

Suppose not Then MDeltaleftxlefttrightrightpsi
for some term t If t is substitu

table for n in Psi we have

MDeltapsileftnicefractnright So MDelta7psileftnicefractxright
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ThernegpsileftnicefractxrightinDelta IH But ar forallxpsi
inDeltaPsileftnicefract2rightinDelta why2 We have a

contradiction hence the result

But we need the result for all terms

t What do w do we prove
the following lemma

Lemma Given any formula q
variable

x and ten mt there exists a

formula varphi alphabetic variant of Q
obtained by renaming of

boun d
variables in Q sit t is

substitutable.forn in varphi and Fvarphileftrightarrowvarphi
A W Prove this lemma

Let m now go back to the

converse proof

Suppose forallxpsiinDelta To prove MDeltaFforallxpsi
Suppose not Then

1

mubigtriangleup1forall nV1 Then

MDeltaleftxlefttrightright Psi for some term t

So MDeltaleftxrightarrowlefttrightright1 Psi an alphabetic
variant of Psi
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SoMj y
since t is substitutable
for n in µ

So Y Yn Δ I H

since F nq q
where

So n y Δ t is substitutable for x

in 9

In 4 Δ a contradiction

FQ Q implies F nQ np

H W Prove the above statement

This completes the proof

Thus we have finished the proof

of the statement for all formulas

9 Mo ka iff p e Δ

This statement is generally termed
as the truth lemma
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Let us recapitulate the proof
ideas that we have considered

1 Start with a fin sat set M

2 Extend the set to form a fin sal
and complete set

3 Show that the extended set becomes
a model set

4 Then show that this set has a

model This gave the proof of
the truth lemma for quantifier free
formulas zero th order logic

5 Extend the fin sat and complete set to
a fin sat complete and witness fulfilled
set to get the proof of the truth

lemma for the quantified formulas

While doing all these we enlinded the

the language from to Then the
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model we constructed in a model for

in the language But we need

to have a model for in the language

d where L C F P L CUD F P

How to get that required model

Let M be a model for the language

L that is M D I ly Here

eud
I'IF

8

Now we can restrict M given by

M D I G
where

D D

y y

1
C
F
p
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Now M is a set of formulas in α

so it does not contain any
constant

symbol from D In the proof
earlier we constructed a model

Md for M in the language

However as no symbol from D

occur in M M's forms a model

of M as well And M is a

model corresponding to the language

α Thus we get a model of M

in the language Hence

we have that M is satisfiable
Thus every fin sat set of formula
is sat This marks the end of
the proof of compactness theorem
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