


































































the above finite collections of formulas

What about an infinite set M of formulas s.t
all finite subset of M are sat

Compactness Theorem of FOL

Let T be an infinite set of formulas Then

P is sat iff every finite subset of
M is sat

M is fin sat

Non trivial part If F is fin sat thenM is sat

How does this result connect with the consequen

relation

If T is fin sat then T is sat

If P F Q then there is a finite subset Fy
of M sit My FQ

Proposition iff

Proof Let F be fin sat To show that

T is sat Suppose not Then EQ for all formulas

Q Then there is a formula µ say s t

M FY and MF 74 Then there are T.MEftp.tT F Y and T E 74 by So
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Gamma1cupGamma2Fpsiwedgenegpsi and Gamma1cupGamma2subseteqfinGamma Thus

Gamma1cupGamma2 is unsatisfiable This contradicts the

assumption that lceil is fin sat This completes theproof
2 Let M FQ To show that

thereinGammafleqtinGamma p.T GammafFphi Suppose not So

for all GammasubseteqfinGamma Gammaphi So for all GammasubseteqfinGamma
Gammacupleftnegqright is sat by

odot cupleftnegqright is sat

Then Gammavarphi a contradiction This completesthe

proofMoreapplications of Compactness Theorem

1 Let Sigma be a set of sentences having

arbitarily large finite
models Then I has

an infinite model

Proof Let Dleftd1d2ldotsrightln a countable

collection of new constant symbol not

occurring in sum Consider DeltaSigmaU

leftnegleftdiequivdjrightijinmathbbNineqjright Now Sigma is sat

So sum in fin sat Take any finite subset of

leftnegleftdiequivdjrightijinmathbbNineqjright
Such a finite subset

will be satisfiable n some model of sum S0





































































we have that bigtriangleup is fin sat S0 by compactness
theorem

bigtriangleup is sat But a model of bigtriangleup will

contain infinitely many elements Now sumsubseteqDelta

any
model of

bigtriangleup is a model of Sigma Thus
sum has an infinite model This completes the proof

A weaker notion of definability
A class K of structures is said to be

definable in FOL in the weaker sense if
there is a set A seulinus sum say
s.t KleftSSneqSigmaright or in otherwords KModleftSigmaright

2 Let FIN denote the class of all finite
structures FIN is not todefinable
not even in the weaker sense

HW Prove this statement

3 Downward Lowenheim Skolem Theorem Let

p be a satisfiable set of formulas Then

M has a countable model

Proof idea Since M is set lceil is fin sat

Using this fin sat assumption we can come up





































































with a countable model of through a proof

of compactness theorem

Important fact First order language is

countable in other words the set of formulas
in countable

Consider the two questions posed earlier

1 Is the class of infinite sets definablein
FOL

2 How to show that elementary equivalence

does not imply isomorphism

Answer to 1

The answer is NO Had the class of
infinite models Im

say be definable

IModlefttauright where z in a first order
senten w Then FIN the class of all

finite structures could be written as

FINModleftnegZright This is not possible

by Application 2 above Hence the claim
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Answer to 2

We need to consider two structures and

show that they are elementarily equivalent
but not isomorphic Consider an fo language
Lc say with

a single parameter a binary

relation symbol Consider two structures leftmathbbRright
and leftmathbbQright Of course they are not isomer

phic We will now show that leftmathbbRright and

leftmathbbQright are elementarily equivalent To prove

this we will use the following statement

Any two countable dense linear orders with

out end points are isomorphic Canton

A good inercise to try out

Theories

A first order their r is a set of sentences T sit
for all sentences sigma if Tneqsigma then sigmainT In
other words TconleftTright

Sujata Ghosh





































































Complete train

A theory T is said to be complete if forany
pentence T either sigmainTa negsigmainT

Proposition A theoryT is complete iff any two

models of T are elementarily equivalent

H.W Prove this

proposition.No
categorical theory

A theory T is said to be N0 categorical

if all its models of cardinality N0 are

isomorphic

Los Vaught test Let T be theory If T is N0
categorical then T is complete

Proof Let T be an N0 categorical theory To

show that T is complete It is enough to show

that any two
models of T A and B say

are

elementarily equivalent denoteby AequivB

For the model A consider sum_AleftrAneqrright
Then SigmaA in a satisfiable set of sentences





































































Then I7 Downward
Lowenheim Skolem Theorem

SigmaA has a countable model A say Then

AequivA Additionally it is a model of T as

TsubseteqSigmat Similar 7 w get a countable model

83 of T s t BequivB So A and B are

isomorphic So AequivB Thin AequivAequivBequivB

Since it and B are two arbitrary models ofT

we have that T is complete This completes theproof

leftmathbbRmathbbRrightequivleftmathbbQmathbbQright
Proof Let L be the language of order

Consider the following set of sentences

1 a forallxforallyleftxyveexyveeyxright
b forallxforallyleftxyrightarrownegleftyxrightright
c forallxforallyforallzleftxyrightarrowleftyzrightarrowxzrightright

2 forallxforallyleftxyrightarrowexistszleftxzwedgezyrightright
3 forallxexistsyexistszleftyxwedgexzright
Let TconleftSright in a first order theory whose

S





































































models are leftmathbbRmathbbRright and leftmathbbQmathbbQright Since T is
the theory of dense linear orders without end points

from Cantor's theorem T is N0 categorical S0

by Los Vaught Test T is complete S0 all

models of T are elementarily equivalent Hence

leftmathbbRmathbbRrightequivleftmathbbQmathbbQright This completes the

proof.Wenow move on to the analysis dt the
mathematical reasoning that we do while

trying to prove various results To study
this formally we introduce the following notion

Deductive Consequence Relation

lceil a set of formulas q a formula
Gammat 9 q is a deductive consequence of

lceil

Deductive consequence
relations can bedefined

in various ways
e g Hilbert style axiomsystem

Gentzen's Sequent Calculus Gentzer's Natural

Deduction For this course we will focus on the

first one

Definition of Gammatvarphi with Hilbert styleaxiomatization





































































Let lceil be a set ot formulas and q be a formula

q is said to be a deductive consequence ofGamma
leftGammatvarphiright if there is a sequence of former los

phi1phi2ldotsqn 1 such that

each rhoi is either an axiom a a

member of mu or obtained by the
application q some rule of inference

What are these anions and what are the rules

Anions are formulas in the language L say
A rule of inference in a subset otPleftLrighttimesL
which we write as follows beginmatrixkpsi2ldotspsinpsiendmatrix

phin in rho

where leftpsi1psi2ldotspsinright constitute the premise of the

rule and Psi is the consequence A the rule

How are the two consequence relations related
soundness

GammaFvarphi Gammatvarphi
completeness

Soundness If rq then Gammavarphi

Completeness If Gammatvarphi then Gammavarphi

Let m focus on soundness GammavarphiRightarrowGammaneqvarphi





































































What kind of properties would we like to
prove for these anions and rules to get our

sounderess result

Let us enplane Suppose M t Q Then we have

Gammavarphi1
GammatQ1

beginmatrix1vdotsendmatrix

rt Qnleft4right

To prove GammaQ1
To prove GammaneqQ2

vdots

To prove Gammatqncdotleftqright
The above suggests that an approach to prove
soundness could be to use induction on the

length n of the derivation sequence varphi1ldotsvarphin

at9 from lceil Such a sequence is also termed

as a proof of varphi from Gamma In such a derivation

sequence v a proof any formula is either an

anion or h member qGamma or obtained by some rule
What do we mean by obtained by h rule

An application of a rule basically means that

when psi1psi2ldotspsik appear in some sequence

varphi1varphi2ldotsvarphinserpsi can be written w a next

step in the sequence And we have an appication of

the rule psi1psi2ldotspsik
lceil

Y


