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8.08.2026Soundness

theorem If Gammatq then Gammaneqvarphi

Proof Suppose Gammaq To show Gammaneqvarphi We apply ind

uction on the length q proof of varphi from lceil

Base Case When n1 qninGammaa qn is an anion

if qninGamma of com a M FQ n

if Qn in an anion to show GammaFqn we have to show that

all model satisfy an in other words Qn is a validity
We need to check that all anions are validities

Induction hypothesis Suppose the result holds for all proofs

of length leqm

Induction step Suppose nm1 mgeq1 Then Qn is

c amemberof lceil a in an anion n I obtained bysomerule
Cases in and ii can be dealt with as earli u

Case iii we have to show that for any model satisfying
the premises of a rule

the model should also satisfythe

consequence qf the rule
We need to check that the rules preserve consequence

Thus to prove soundness we show i Anions are validities

ii Rulespreserve consequence The proof follows

Remark When tvarphi we say Q is
a theorem Then thesequence

Q1Q2ldotsqn offormulas wouldeithermuanions or obtained byrules





































































Classical Propositional Logic CPL

Alphabet p1negVlambda1rightarrowlangleleftright Abbreviation b
followed by a vertical lines 1 is denoted by pn
Let P denote a countable set ofthese propositional variablesp

Language a

alphabetaPnleftleftialpharightleftalphaveebetarightrightleftalphawedgebetarightleftleftalpharightarrowbetarightleftalphaleftrightarrowbetarightright
pninP

Model

VPrightarrowleft01right valuation

AyVPrightarrowleft01right can be uniquely extended to VLrightarrow0
with respect to the truth tables for the connectives

A formula α is said to be valid if Vleftalpharight1 forall V11
Valid formulas Tautologies

1 alpharightarrowalpha

2 leftalphawedgebetarightrightarrowalpha
3 alpharightarrowleftalphaveebetaright

Consequence preserving rules

2 Vp TxVv1alphaalpharightarrowbeta
beta

PVVTaskProve Pt α iff TF Soundness Completeness

But what are the anions and rules of CPL





































































Let us now focus on the completeness proof to answer this

question above that is we proceed to prove GammaFalpha implieslceil tx

There are two entirely different concepts We have studied

quite well Let m see how m can prove some

properties of F with respect to t

Property 1 If
GammaFalpha and GammasubseteqGamma then Gammaneqalpha

To show If Gammaalpha and GammasubseteqGamma then Gammaalpha It followsfrom

the definition of t

Property 2leftalpha1ldotsalphanrightneqbeta off Fleftalpha1wedgeldotswedgealphanrightrightarrowbeta
In general Gammacupleftalpharight β iff FF beta

To show Gammacupleftalpharightbeta iff Gammaalpharightarrowbeta DeductionTheorem

Proof if part Suppose Pt alpha1 beta To show Gammacupleftalpharightbeta
Now Gammacupleft2right 1 propto Premise

2 alpharightarrowbeta Assumption Gammaalpharightarrowbeta
Consider the rule alphaalpharightarrowbeta Modus Ponens M.P

3 beta MP 1 2

This completes the if part
onlyif part Suppose Gammacupleftalpharightbeta Toshow Gammaalphabeta

We prove this by applying induction on the length of a
derivation proof of rho from Gammacupleftalpharight
BaseCase leftn1right β is either a member of Gammacupleftalpharighta pinan
axiom Now we have 3 cases

Care 1 betaalpha Then wer have to show Gammaalpharightarrowalpha





































































Consider an anion alpharightarrowalpha
We have Gamma1 alpharightarrowalpha

Case 2betainGamma To show Gammaalpharightarrowbeta

Since betainGamma we have tau1beta Premise

Consider an anion betarightarrowleftalphabetaright
2 betarightarrow alpharightarrowbeta Anion

3 alphabeta M P 12
Case3 beta is an anion To show lceil

alpharightarrowbeta
We have the same derivation as above Gamma1cdotbeta

2 betarightarrowleftalpharightarrowbetaright
3 alphabeta

S we are done with the base case

Anions and Rule used AI alpharightarrowalpha A2 alphaleftbetaalpharight
R1 fracalphaalphabetabeta

rInduction Hypothesis Suppose the result holds for all proofs
fHfGammacupleftalpharightbetathurGammaalpharightarrowbeta deltarightarrowbetaleqmbetarightarrowm1of length leqm taualpharightarrowdelta

Induction Step leftnm1right By definition of t
beta

is either an anion a a memberofGammacupleftalpharight on obtained by

some rule We only deal with the third possibility Assume

that beta is obtained ly an application of M.P S

we have Gammacupleftalpharight t S and Gammacupleftalpharightdeltabeta
from which we have by MP Mcupleftalpharighttbeta To





































































show that Gammatalpharightarrowbeta By I H we have

M t 1 alpha 8 I.M

IH2 α S β

Consider an anion x s p x 8 β

Anion3 leftalpharightarrowleftdeltarightarrowbetarightrightrightarrow Cpropto 5 atp

4 leftalpharightarrowdeltarightrightarrow alpharightarrowbeta M P 213

5 alphabetaM P 1,4

S0 we have a derivation of alpharightarrowbeta from lceil This

completes the proof of deduction

theorem.PropertyJ alpha1 123 Fbeta for any beta

To show leftalphanegalpharightbeta for any
beta

Now leftalphanegalpharight t 1 α Premise

2 72 Premise

3 α p α Anion

4 negbeta 2 M P 1,3
5 7alpha P 72 Anion

6 7beta 74 M P 2,5

Consider an anion p 2 Cp 72 β
7 p 2 Tp 72 β Anion





































































8 leftnegbetarightarrownegalpharightrightarrowbeta M P 47

9 beta M P 68
This completes the proof of leftalpha1alpharightbeta
Remark alpharightarrowalpha can be derived from the followingaxioms

A1 alpharightarrowleftbetarightarrowalpharight leftA2rightleftalpharightarrowleftbetarightarrowgammarightrightrightarrowleftleftalphabetarightrightarrowleftalpharightarrowgammarightright
and the M P rule

HW Find a proof of alphaalpha sin gleftA1right leftA2rightand

M.P.Thuswe have the following collection of anions
and rules till now

Anions A alpharightarrowleftbetarightarrowalpharight
A betas r atp leftalphagammaright
A Tp x Gp a beta

Rule α alphabeta M.P

βWewill now show in details
3 anions and I rule provide a sound and complete
anion system for CPL that is we need

to prove the soundness and complete
ness theorem

respectively.that

these





































































To show soundness we just need to prove the
the anions 1 2 and are valid and the

rule M P preserves consequence

H W Prove these results

Thus soundness proof in done once you do

your
homework

Completeness Theorem If MF α then ft α

Proof We will show that TH α implies

P alpha Showing M α is the same as showing

Gammacupleftnegalpharight is satisfiable So assuming lceilHalpha

if we can show that t Uleftnegalpharight is satisfiable we

are done that is completeness would be shown

How do w show this

Step 1 We introduce a notion consistency

Step 2 We show that THX iff TV 72 is

consistent.Slip3 Every consistent set is satisfiable that
is has a model





































































1 Notion of consistency
A set of formula

lceil is said to be inconsistent

if there is a formula propto such that Mt α and Mt 12

Lambda set of formulas
lceil is said to be consistent if it

is not in consisten t

2 GammaHalpha iff M cupleftnegalpharight is consistent

if part Let MU 123 be consistent To show lceilHpropto

Suppose not Then Mt α Then Gammacupleftnegalpharight1alpha But

Gammacupleftnegalpharight 7α So Gammacupleftnegalpharight is inconsistent a contradiction

only if part Let GammaHalpha To show Gammacupleftnegalpharight is consistent

Suppose not Then for some formula beta1Gammacupleft1alpharightbeta
and Gammacupleftnegalpharightnegbeta So we have

Pt L negalpharightarrowbeta D T

2 negalpharightarrownegbeta D T

3 leftnegalphabetarightrightarrowleftleftnegalphanegbetarightrightarrowalpharight Anion3

4 leftnegalphanegbetarightrightarrowalpha M P 1,3

5 α M P 2,4
Thus taualpha a contradiction Thus MU n

is consisten t This completes the proof

3 Every consistent set is satisfiable





































































Let lceil be a cons is ten t set of formulas To
show that lceil is satisfiable that is to find
a valuation VPleft01right such that Vleftgammaright1 for
all gammainGamma We will show this via the followingsteps

a Extend the consistent set lceil to a consistent

and complete set
bigtriangleup

say
A set of formulas

bigtriangleup is said to be complete if
for any formula

propto either alphainDeltaa negalphainDeltacdot
b Define a valuation V0 say
c Prove that for all formulas propto VDeltaFalphaleftVDeltaleftalpharight1right
iff alphainDelta Truthlemma

Proof of 3leftaright Let lceil be a consistent set of
formulas Let us now enumerate the CPLformulas

alpha0alpha1alpha2
Define Delta0Gamma

cdotDeltakcupleftalphakright if it is consistent

Deltak otherwise
Deltak1

DeltacupninmathbbNDeltan i

Claim
bigtriangleup is consistent and complete

It is enough to show the following
lemma





































































Lemma If T1 is aconsistent set of formulas theneither

TIU α is consistent or TIU 723 is consistent for

any formula 2

Proof Suppose not Let p be a formula such
that both ITU p and TU 7β are both in

consistent Since MU β is inconsistent
there is a formula 8 such that MU p S
and MU p3t 78 So by D T we have

Mt β S and M β 78 Now by the
axioms

and rules that we mentioned earlier we canshow

β 8 p 78 Ip Theorem ofCPL

H.W Prove in CPL t p 8 p 5 p

Now we have the following derivation

IT t 1 β 8 D.T

2 β 78 D T

3
p 8 p 78 7 Theorem

4 78 p M P 1,3

5 7β M P 2,4

So we have IT ftp Similarly using the assumption

that ITU 7 is inconsistent we can show that 1 β





































































H.W Prove the above statement

S0 we have that pitnegbeta and pibeta that is

pi in inconsistent a contradiction to the fact
that pi is consistent Hence the result

Using this learna by the construction of
bigtriangleup

we can show that Δ is consistent and complete

This completes Step 3 a

Definition for 3 b

Let bigtriangleup be a consistent and complete set of

formulas entendin g the consistent set lceil of

formulas we started with Define

VDeltaPrightarrowleft01right by VDeltaleftpright1 iff pinDelta

Proof of 3leftcright Truth lemma

To show for all formulas ltimes VDeltaleftalpharight1 off alphainDelta

Before going into the proof let us introduce

Model Set

A set ct formulas pi in said to m a model

set if the following holds

1 a for any formula
propto alphainpi or negalphainPi

Sujata Ghosh


