


































































H.W Prove the above statement

S0 we have that pitnegbeta and pibeta that is

pi in inconsistent a contradiction to the fact
that pi is consistent Hence the result

Using this learna by the construction of
bigtriangleup

we can show that Δ is consistent and complete

This completes Step 3 a

Definition for 3 b

Let bigtriangleup be a consistent and complete set of

formulas entendin g the consistent set lceil of

formulas we started with Define

VDeltaPrightarrowleft01right by VDeltaleftpright1 iff pinDelta

Proof of 3leftcright Truth lemma

To show for all formulas ltimes VDeltaleftalpharight1 off alphainDelta

Before going into the proof let us introduce

Model Set

A set ct formulas pi in said to m a model

set if the following holds

1 a for any formula
propto alphainpi or negalphainPi
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b pi does not contain both

2 For any formulas
propto and beta

a alphaveebetainPi iff alphainPi or betainpi
b alphawedgebetainpi off alphainPi and betainpi
e alphabetainPi iff lbetainPi whenever alphainPi

d alphaleftrightarrowbetainPi iff alphainPi iff betainPi
H.W Prove that every consistent and complete
set of formulas is a model set

Now back to proof of 3 c

To show VDeltaleftalpharight1 iff alphainDelta We provethis

by applying induction on the sizeof the formula

Base case alphap To show that VDeltaleftPright1 iff pinDelta

This follows from the definition of VDelta

I H Suppose the result holds for all formulasofsizeleqm

I S Let the size of the formula
alpha be m1

Case bot alphanegbeta VDeltaleftalpharight1 iff VDeltaleftbetaright1 iff VDeltaleftbetaright0 iff

betanotinDelta by I H iff negbetainDelta Δ is amodelset iff alphainDelta

Case2 alphabetarightarrowdelta VDeltaleftalpharight1 if VDeltaleftprightarrowdeltaright 21 iff VDeltaleftbetaright0
arVDeltaleftdeltaright1 iff betanotinDeltaa deltainDelta byI H iff deltainDeltawhenever

betainDelta iff betarightarrowdeltainDelta iff alphainDelta

This completes the proof of completeness theorem





































































Finally let in list the anions and

rules that we have used to prove complete
ness This gives us the anion system
for CP L

RuheAnions
1 p x

2 propto p r atp arightarrowV alphaalpharightarrowbeta
beta

3 neg x p a np 2

And we have soundness and completeness for CPL

rta if M Ialpha

This result is termed as the general completeness

result We also have a weak completeness result

for CPL α iff α

validitytheoremHW Prove the weak completeness result for CPL

independent of the general

result.Theoremsin CPL

1 α rightarrow α

Proof a alpha3alpha





































































21 α D T

Proof b 1 propto 2 x

2 alpha a a 4 Larightarrowleftalpharightarrowalpharightrightarrowleftalpharightarrowalpharight
Anion 1

Anion 2
3 propto 2 2 a M p 12
4 alpha1 2 12 Anion 1

5 alpharightarrowalpha M.P 34

2 77 2 α

Proof 71 α x Mx Anion 1

D T

Theorem

3 a 2 can a a

7723 1 1 72 774

2 74 72

Anion3

4 2alpha 77 α α MP 213

M.P 1,45

αSo77 3 2 Hence t 7741 α D

THW 1 taPL alpharightarrowneg 74
2 t1PLalpharightarrow Up
3 FLPLalpharightarrowbetarightarrow alphawedgebeta





































































Is there a more structured way
to do proofs

We can consider the formula that we want

to prove and let the main connective decide

how to go along
with the proof

We can also make assumptions as and
when we need but get rid of them

using implications

These considerations lead to the natural

deduction proof system

Natural
deductionAnion

αRulesFor every connective we have two

rules introduction and

eliminationIa Implication introduction
leftalpharight

Q How wouldyou
prove α vdotsbetaalpharightarrowbeta

I discharging α

Sujata Ghosh





































































1 b Implication elimination
ltimes alpharightarrowbeta E

beta

2 a Conjunction introduction

1alpha rbeta

Gammaalphawedgebeta
2 b Conjunction elimination

Gammatalpha1wedgealpha2
Gammaalphai

3 a Disjunction introduction
Gammaalphai

Gammaalpha1veealpha2
3 b Disjunction elimination

Gammaalphadelta

LambdaI

wedgeE

VI

Mtαvp Gamma1betadelta
VE

Gammadelta
4 a Negation introduction 1 false

alphanegalpha
contradiction

negI
frac1








4 b Negation elimination

leftnegalpharight
beginmatrix1vdotsvdotsendmatrix

frac1
propto

negE

We can show that the natural deduction
rules are all derivable in the Hilbert

style anion system we discussed above

Gentzen first introduced ND proofsystem
to prove consistency of arithmetic

But he was unsuccessful and introduced
one more proof system Sequent Calculus

and used it to finish the proof

above.Sequent
Calculus.Sequents

alpha1ldotsalphambeta1ldotsbetan

Interpretation rleftalpha1wedgeldotswedgealphanrightrightarrowleftbeta1veeldotsveebetanright
The SC system consists of three classes



of rules i Logical i Structural Ciii

Core.Logicalrules

We assume two propositional constants

T truth and frac1 false in the language

Truth right rule

TR
GammaTDelta

False left rule
botL

Gamma1botrDelta

Conjunction

Right rule

Left rule bot

Left rule 2
GammaalphaDeltaGammabetaDeltaGammaalphawedgebetaDeltaGammaalphaDeltaGammaalphawedgebetaDeltaGammabetaDeltaGammaalphawedgebetaDelta

LambdaR

LambdaL1

LambdaL2



Disjunction

Right rule 1 Ftx Δ
VR

ftp Δ

Right rule 2 Mt β Δ

rtαvp Δ
Re

Left rule F Δ T.PH VL
M aVβtΔ

Negation

Right rule Mixt Δ

At 72 Δ
TR

Left rule F t α Δ

T.TL Δ
7h

Implication

Right rule Mixt B Δ
R

Mt αtβ Δ

Left rule I α Δ r βtΔ
M T βtΔ Δ

L



Structural rules

Weakening

Right mle T.TL WR

Left rule Δ
WL

M at Δ

Contraction

Right rule Mt α Δ

Mtx x Δ
CR

Left rule 7,2 Δ CL

T.at Δ

Exchange

Right rule M Δ α B Δ

r tΔ Pix Δ
XR

Left rule M α p M Δ

F Pia MtΔ



Core rules

Anion ruleAx

alphaalphaGammaalphaDeltaGammaalphaDeltaGamma1Delta1DeltaCut
ruleCUTA

few examples

1 It Can betawedgeVranglerightarrowbetawedgealpharangle
An AnLambdaL1

betabetaalphawedgebetabetaleftalphawedgebetarightwedgegammabeta
alphaalpha

LambdaL2
alphawedgebetaralpha

wedge4LambdaL1

leftalphawedgebetarightwedgegammaalphaleftalphawedgebetarightwedgegammabetawedgealphaPhirleftleftalphawedgebetarightwedgegammarightrightarrowleftbetawedgealpharight

LambdaR

rightarrowR

2 ItαV7α

alphaalphaAxtnegalphaalphanegR
VR2



V72 α

Lalpha V74

L V12 V72

V72

XR

VR1

CR

3 If GammatalpharightarrowbetaDelta then GammaalphabetaDelta D.T

As
GammaalpharightarrowbetaDelta

WLGammaalphaalphabetaDeltaAx GammaalphabetabetaDeltaAxGammaalphagammaalphabetaDelta

WRddotGammaalphaalphabetabetaDelta rightarrowLGammaalphaalpharightarrowbetabetaDelta
CUT

GammaalphagammabetaDelta

HW Analyze the proof above on your own

HW Using ND and SC prove the following

1 FPLalpharightarrow 77 α
2 tlPLalpharightarrow Up
3 tLPLalpharightarrowCA xalphabeta


