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We did have a look at a

Hilbert style
anion system to define

a deductive consequence relation for

Classical Propositional Logic
so as

to get the Soundness and Completeness

results Now we would like to lift

this idea to get the same for FOL

Syntax of
FOL C F P

Ims
t EJ c.EC nEV1f

titz tp

Formulas 9,4 EF PY iti.tw
t Z

1Tq1qyIVni9

We are looking for Ptp
sit

Soundness if Pta then T Fp

Comtesse if PE q then ftp
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The idea is to propose some anions

and rules to define
Then to show soundness it

is enough to show that all

substitutional instances of
anions

are valid and that all

substitutionalinstances of inference rules

preserve semantic
consequence

Then to show soundness we apply

induction on the length of the

proof

For completeness
we proceed

with

the contrapositive form
that is

we assume THQ and show T 9

We introduced the notion of

consistency A set of formulas

P is said to be consistent if

there is no formula 9 sit

Tta and tetra



Otherwise M is said to be

inconsistent

TH q iff MUG
is consistent

HW

Also T 9 iff T V49 is

satisfiable

Thus to show
completeness

it is

enough to show that Every

consistent set of formulas
is

satisfiable

Now what we saw from the proof

structure of propositional
logic

Slip 1 Extend a consistent set T

Ta consistent and complete set Δ

Slip 2 Define a model valuation

Tased on Δ Vo b L iff PED

Slit 3 Prove the truth lemma for all

formulas α Vo k I iff Δ



Then we have that Δ is satisfiable

and so T is satisfiable

Again the proof structure ofcompactnesstheorem of FOL
suggests us the

following

Stiff
Given a consistent set of

formulas
T we extend it

to a

consistent
complete and

witness fulfilled

set of formulas
Δ

µ

Stiff Define a model based on Δ

Define t
t iff t t C Δ Show

that this is a congruence
relation

ti Ctu Eni E J P iff

Ptite tm Δ

Steps Prove the truth
lemma for

all formulas 9
M F q iff QED

Then we have that Δ is satisfiable

and hence M is satisfiable



Let us first make an observation

Tegarding Tingwitis
Testyther Twitness fulfilled
if for all formulas

of the form n9

if nQ ET
then we also have 9th

EM for some
termt

Now how do we find such him

We used the
Godel trick expand

language
L to L with new constant

symbols
and add them as witnesses

Lemma Let P be a set of formulas

and q be a formula sit C does

not occur in T or 9 Then if

TFG
then ME Vnp

Finally at the end we constructed an L model

for our fin sat T and then restricted

it to an L structure to get an L model



An observation There is no need to

enfathlanguage New variable work

just as well as constant symbols

Variables Let V Em 22

What do we do

Tethginconsistent set T that we

start with replace every
variable 2 by

N2 Now all the odd indened
variables

are unused

We now show that the new set of

formulas thus formed say T is

consistent as well

In the Lindenbaum
construction

wherever we come across a formula

of the form nq we add q 71m

where y is
the least unused variable

We need to prove that q Yin

can be added consistently this

is given by an analog of
the Lemma

mentioned above stated in terms of consistency



What we discussed above suggests the

following
main steps need to prove

our result Every consistent
set is satisfiable

Define t t iff t t c Δ
Show that this

is a congruence
relation

For any 9
n t there enists p

sit f q q
and t is substitutable

for n in p

Let P be a consistent set of formulas

and q a formula set
the variable y

does not occur in M or 9
Then

if Pt q 7 2 then Mt nq

We need to add ions and rules

to prove all these

Nent query
What are these anions and

rules

What does the propositional system give
us



Anions

1.9T y g

2 Y x a 4 q xD

3 Go Y 79 74 9

Rule

911
Modus Powers MP

We note that the anions are validities

and the rule preserves consequence in

FOL as well

We also note that these anions are

only schema they stand for infinitely

many formulas
obtained by substitution

al instances
But these instances

are first order formulas

Example n Pa Byz aPa is

an instance of An 1

We see that first order formulas can

come with free variables as well



So we let the schema represent
universalisations as well

we can always prefin any
substitutional

instance by a possiblyempty string

of universal quantifiers

example The universalisations of

a formula Pay
are Pay nPay

forally Pay
n y Pay

Now we are ready
to define our

deductive consequence
relation in FOL

Let1 lceil be a set formulas
and Q be

a formula
We say rq if

there is a finite sequence
q1varphi2ldots

ldotsqn a t qnvarphi and each varphiis

either a member of
Gamma

a a
universalisation of a substitutional

instance of an anion

or there is an inference rule of



M.Pthe form fracYjYjrightarrowQiQi
qi as conclusion that is

with

if the premises of an instantiationof

MP areearlier in the proof sequence then

the conclusion can be used in the

proof

Let us now move on to proving

the required steps

Slip 1 We define t t iff tequivtinDelta

We have to show that sptilde is

a congruence

We have that
bigtriangleup is consistent and

complete We can show
H W

if tq then phiinDelta

Anious needed

tequivt
lefttequivtrightrightarrowlefttequivtright
leftt1t2rightrightarrowI 2equivt3rightarrowleftt1equivt3right



leftt1t1rightrightarrowleftleftt2t2rightrightarrowldotsleftlefttntnrightrightarrowtt1t2nldotstnft1t2ldotstnrightldotsright
leftt1t1rightrightarrowleftt2t2rightrightarrowldotslefttntnrightrightarrowpnt1t2ldotstnleftrightarrowpn

t1t2ldotstnldots
As it turns out we can have a more

general version

tt

leftttrightrightarrowleftvarphileftrightarrowvarphiright
where varphi is obtained

by replacing
some occurrences of t by t

and some occurrences of t by
t

4 W Use these asiroms to prove the

congruence of

The main ingredients
that we

would look into are

i alphabetic equivalents result

ii generalisation of constants

result



225 Let us now deal with the result

on
alphabetic equivalents

We want to

show For any 9 n t there enists

p sit t y and t is substitutable

of n in q

Kevin.is
I

By renaming
Rename all the variables in t

having

bound occurrences in 9

In addition we need to show that

the equivalence of the resulting

formula can be derived in the

anion system

It suffices
to show the following

np y 9th
where y

is a new variable not occurring in

nq

Sujata Ghosh



Let us try to prove the result now

we first prove tforallxqrightarrowforallyqleftnicefracyxright

Since yis new it is of course

substitutable for x in q Thus

Fforallxvarphirightarrowvarphileftyxright Hence this can

be added an anion S0 we have

tforallxvarphirightarrowvarphileftyxright
By

universalisation we have

tforallyleftforallxvarphirightarrowvarphileftyxrightright
Now if we could distribute

forall over

we would have

forallyforallxvarphirightarrowforallyQleftnicefracyxright
But wr have FforallxleftQrightarrowpsirightrightarrowleftforallxvarphirightarrowforallxpsiright
So we can have an anion

fforallxleftQrightarrowpsirightrightarrowleftforallxvarphirightarrowforallxpsiright
S0 we have

forallforallyleftforallxvarphirightarrowvarphileftnicefracyxrightrightrightarrowleftforallyforallxvarphirightarrowforallyvarphileftnicefracyxrightright



Then we get by M.P

forallforallyforallxqrightarrowforallyqleftynright
So we need tforallxvarphirightarrowforallyforallxvarphi
Now we have Fforallxvarphirightarrowforallyforallxvarphi
since y does not occur in forall a q

Thus the corresponding anion
will

do the job
Conversely tforallyQleftyxrightrightarrowleftvarphileftnicefracyxrightrightleftnicefracxyright
as no occurrence of n is free in mathbbQleftyxright
Then tforallyQleftyxrightrightarrowQ1 and 20

muforallxleftforallyqleftnicefracy2rightrightarrowvarphiright S0 we have

forallforallyQleftnicefracyxrightrightarrowforallxQ why
This completes the proof
Now what are the axioms that we have

needed to get this
result

forallxvarphirightarrowvarphileftnicefractxright for any term t
substitutable

of n in q

Qrightarrowforallxvarphi where xnotinFVleftvarphiright
forallxleftqrightarrowpsirightrightarrowforall varphirightarrowforallxpsi



The nice part is that these are all

that we need

A formal proof of the
result above

To prove forallforallxQrightarrowforallyQleftyxright
where y

is

a new reaniable not occurring in np

1 tforallxvarphirightarrowvarphileftnicefracyxright by first quantifieranion

2 tforallyleftforallxqrightarrowqleftnicefracyxrightright
universalisation

3 forallforallyforallxvarphirightarrowforallyvarphileftnicefracyxright from 2

using third
quantifier anion

and M.P

4 forallforallxvarphirightarrowforallyforallxvarphi since ynotinFVforallxvarphi

by
second quantifier anion

5 tforallxvarphi forallyvarphileftnicefracynright for 43

using propositional
reasoning



In general
we can always rename variables

by
new ones so that derivability is preserved

Suppose It 9
and y is

a variable not

occurring in T
U 9 Them we have

TGm 9 He
This can be proved

by applying
induction on the length

of the proof
H.W

This also shows that T is consistent

iff Mfg n is consistent

to another generalisation

Is Ñwconsistitsetof
Formulas and be a formula such

that

the variable y
does not occur in M or

Then if It 9 then Mt np

Proof We prove this by applying
induction

on the length of the proof of 9 the from

M Let 4 Nz Yu be a proofof914



Claim lceil1 forallytaui for all i

Assuming this claim
we get Mt forallyvarphiyv

and hence by alphabetic remaining
we

will have Gammaforallxvarphi So we will complete

the proof by proving
the claim

We brove the claim by applying
induction on i

To prove Gammaforallypsii1leqileqm
Base Case the prooflength

is 1

Then taui is either an
anion a

psiiinGamma which does not have any

occurrence of the variable y In the

former case we have ttaui and 10

muforallyYi by
universalisation In

the latter case
we have tpsiirightarrowforallypsii

since xi beeng in
lceil has no

occurrence of y Then since Gammapsii

GammaforallyPsii
Induction Hypothesis Suppose the

result

holds good for proof lengths leqm



Induction Slip It is possible that

Yi is derived using M.P
So we have

tauj and psikpsiirightarrowpsii
with both j.hn

By induction
hypothesis Gammaforallyleftpsijrightarrowpsiiright

and GammaforallyYj Apply distribitivity

anion and MP and we are done

Let us now move on to the proof

of completeness
theorem

We have to

show that if M is a consistent

set of formulas then it is satisfiable

Step 1 Extend
Gamma to a set

bigtriangleup which

is consistent complete and witness

fulfilled

Step 2 Define a model MDelta based on

bigtriangleup Define t it iff ttinDelta
Show that is a congruence

Add leftleftt1rightldotslefttmrightright
to the

interpretation of pm iff

Pmt1t2ldotstninDelta



Slip 3 Prove the birth lemma

for all varphi muDeltaneqvarphi iff phiinDelta

Then
bigtriangleup is satisfiable

and hence

lceil is satisfiable

The first step

Let Vleftx1x2ldotsright
In Gamma replace every

variable xi

by x2i Then all the odd indexed

variables are
unused We show that

the new set
Gamma is consistent

Suppose not
het M be a finite

subset that is inconsistent Now

dit x2
be the first variable

not occur g
in Gamma1 Obtain Gamma2 by

replacin i_gauenf formula
in Gamma1

each occurrence of x2j by x2nj

Now by the proposition
on remaining



of variables
Gamma2 is also inconsistent

Then obtain a set lceil by
replacing

in every formula
of M2 each

occurrence of x2nj by xj Then

lceil becomes an inconsistent

subset of
Gamma which was itself a

consistent set a contradiction

So we have Gamma1 is consistent

This completes the proof

The Lindenbaum construction

Extend the consistent
set Gamma to

a consistent complete and witness

fulfilled set bigtriangleup Let Vodd be the

countable set of variables not used

in Gamma Enumerte the formulas

of the language Q0Q1Q2

Define a sequence of sets DeltacircGamma



Delta1Delta2 as follows

het DeltakDeltakUleftqkright
Suppose that qk is of the form

existsxpsi Define

Deltak1Deltakcupleftpsileftnicefracyjxrightright it Deltak1 is

consistent yj is
the least

variable in Vodd
notoccurring

in Deltak1

Deltak
otherwise

if Qk is not dt the form ny

define Deltak1Deltak if Deltak1 is consistent

Deltak
otherwise

DeltaUDeltak We can show that

bigtriangleup is consistent complete and witness

fulfilled H W Complete this part



The second step

We now do the model construction

Define mu
bigtriangleup based on

bigtriangleup

First define tsimt iff tequivtinDelta

By equality
asious this relation

is a congruence

Define DDeltaJN the quotient 7sim

The interpretation of constant

symbols crightarrowleftcright

The interpretation of function

symbols Ileftfkright takes leftt1rightldotslefttkright

to lefttkt1t2ldotstkright

The assignment yxrightarrowleftxright
We show ylefttrightlefttright for all termst

The interpretation of
the predicate

symbols pm is given by



leftleftt1rightldotslefttmrightrightinIleftPmright ill Pmt1ldotstminDelta

This completes the definition of
the

model

The third step

We need to prove the
truth lemma

To show For all Q u0neqvarphi if varphiinDelta

We brove this by induction on the

size of
varphi

Base case varphitt This case

is given by the definition of

the model tequivtinDelta iff lefttrightlefttright

The case varphipt1ldotstm is also

given by the
construction of the

model We assume the usual I H

Induction Step For the propositional
boolean connectives the results



follow from the fact that Δ is

a consistent and complete set

The only case that remains to

be shown is the quantifier
case We need to show

Mo F nY iff my e Δ

Prof Suppose ny Δ Then

7 nY C Δ that any C 8

Now Δ is witness fulfilled

So 74 7 2 Δ for some

variable y Then 4h 8

By induction hypothesis HYM no Mogy
So My nY We are done

Conversely suppose EΔ

To show M F ny Suppose not



Then muDeltaforallxpsi Then for

some term t MDeltaleftxrightarrowlefttrightrightpsi
hit psi be an alphabetic equivalent

of Psi sit t is substitutable

for x in Psi Then forallxpsi1inDelta

Ase tYleftrightarrowY tforallxpsileftrightarrowforallxpsi

Then by the anions

forallxYrightarrowPsileftnicefractxright as is
substitutable

for niny

we have psileftnicefractxrightinDelta
Now MDeltaleftxrightarrowlefttrightright Y implies

MDeltaleftxrightarrowlefttrightright psi and 10

muDelta psileftnicefractxright and then

by induction hypothesis
psilefttnright

notinDelta S0 we arrive at a



contradiction Hence the result

This completes the induction and proves

the Truth Lemma and thus the

proof of completeness is also done

To end with let us write down

the full anion system for FOL

The propositional part

We have one inference rule

Modus Powers
9

and the following
anions

9 y q

W x 6 4 ax

Gp 4 G nx 9

The equality and the quantifier
unions



t t

E t alt q tD

nq 9 for any
tent

substitutable for n in 9

q no for a FV q

n 4 a Hay

We considered universalisation that
was

allowed any where
in the proofs which

can also be represented as inference

rule

Generalisation
9

Check the validity of all the
HI anions given above



contd

Theorem in FOL

1 forallPxrightarrowexistsyPy
a leftforallynegPyrightarrownegPxrightrightarrowleftPxrightarrownegforallynegPyright

Anion 1

Anion 4b forallynegPyrightarrownegPx
c PnnegforallynegPy
d PxrightarrowexistsyPy

MP on b 1a

2 forallexistsxforallyvarphirightarrowforallyexistsxvarphi
It is enough to show leftexistsxforallyvarphirightforallyexistsxvarphi
Generalisation Theorem If Gammavarphi and

n does not occur free in
Gamma then Gammaforallxvarphi

It is enough to show leftexistsxforallyvarphirighttexistsxvarphi
This is same as showing leftnegforallxnegforallyvarphirightnegforallxnegvarphi
It is enough to show leftforallxnegvarphirightforallxnegforallyvarphi
It is enough to show forallnneg varphilefttnegforallyvarphiright

Sujata Ghosh



contd

It is enough to show Anna yce3t

that is trip Hye 1 4 74 for some

formula 4

Let us now prove this

1 r7p 79
Anion 4

2 n7Q
Premise

3 79
M.P on 2,1

4 Fyp Hy Anion 4

5
yq

Premise

6 Q M P on 5,4

7 QA 79 CTE ptop.hnHonal
tautology

This completes the proof

HW C 9 779 in CPL

c n pnv npA ny
in FOL
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